MATH 10C: Calculus lll (Lecture B0O)

Today: Method of Lagrange
multipliers
Next: Strang 4.8

Week 9:

Homework 7 due Wednesday, November 23



F'\n&(\r\q obsolute minima and moxima

Thea  Assume 2=f(2g) Is o diffecentioble function of
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defined on o closed bounded set D. Then
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Ex&mP\e
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Ex&mp\e

The set D= {xy) | eyt
s o antt disk (inc\udinﬁ the
&ouhc\cwkj), 11 is o closed and
bounded set-

Its bouu\JoL(‘J s & wnit circle.
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OPJr'\mizm%'or\ problem with one constrain

SLLP\:»QSQ you own . Company that monufactores .

SolF bolls.  Affec omcxljz(hj the marked you CIQ\IQ{Q{DQA

o. mode | That describes 3our +he ComPuV\j‘s €CO'H+

os o Hanction of fthe number x of 30\{: balls sold

and Tthe number y of hours of aclezr’ffzfnj
z=Ff(xy)=L48x+ 96y - x"-2xy-9y®

The maximum humber of 30\-? ballg that can be Produceé 'S
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OPJr'\miz&-Hor\ pro blem with one consfraint
Moyamize ,_Sj \ D
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Solution: |
o {ind fhe ceitical Po'm'\s inside D and mf“c‘f&iﬁ° These
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o&' X Q‘(\A *3 ’“\o\‘\ SQ'\'iS{:\J 20 x + ij £ Z\Q? Now J(\r\q laounc&&ﬂj
also includes (pact of ) fhe curve (line) 20x+uy=216 | and
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OP)r'\mizm-‘r\'or\ \)roblem with one constrainy

The consfraints (ke budﬁehfg) axe often of fhe
Locm 3(1\33% for some function g R> R ond
one hos Fo moximize -F(xuﬂ on The curve defined b:j
The eciuofr(on 3(1\j)=0. This s an ?-XQW\\J\Q of an
oP’vlm(zaﬁor\ Prob\ew\ with one consttaint.

MO Mi2e —?(xuﬂ & ohjedi\m function

S\L\o‘jecjt to the consteount 3(1\‘1)=0

We con e the mefhod desccibed n Hhe chxl(ou& lecfure
\)o.raw\d‘("\’ze he curve ‘ (1(‘:3.3(’:)})0«6 find the coifical
?o'\hjrs of -F(I(Jc),*j(ﬂ) This can be s'\mp\({:ieé/s\r\cﬁehed
sz u&inj The method  of \_agrow\ae MUJ’H?“C(‘S .



Method of Laﬁronje MuHiP\l‘ers, One consfcaint

Problem: find Hhe moximum /minimum  of -ﬂ-\(xwﬂ on The
cwrve C ’\'\,\qk s defined b‘j the e,rTuoCh'OV\ 3(1\3)=0.

SuFPose tha t (xoige) s 1he Pg'm“ o ol mox oc min
on C, and suppase fhat Lxl), y(€)> is @
FM&MQ*Fila"'{Oh of C such that ale)=x¢, 4o )=y . Then
t=0 ¥ o ?o'\r\‘\ of focal max oc min of hi)= ‘F(I(”t‘j&));
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Method of Laj(‘ahje MuHiP\l‘ers, One constcaint L

V‘( (‘Io(\ja\' (1'(03, \T'(o3> = O

<l’(o3.3'(o)> is The -hncjenjf vector
the cave C af =0

Conclusion [: if (3eige ) is o FoinJr ;ca

of a local exteemum of £ on C| dhey V'((Y“b]o\ \S

or’(\r\otjohq\ 4o The -foqun-ﬁ veckor  of C at (Xocdo)

We also  bnow that u\ovxj e curve C 3(1&),3(6)):0,

o 99 |+ 21 = for any 1t (in arficalor t=0)
S 2) x(t ¢
Pkd 8 3 ?j \j( ) =0 J P
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Method of Lajranje MuH(P\\‘ers, One constcaint

Conclusion 2 ¢ |f (Xordo ) 15 O bea| extremum of 4 on C,
then  both 9fGeye) and vg(xeiqo) are octhogona) Fo
¢ 1 (0Y, 4'(0)> .

Moam conclusion: V4 (o) and V3(xo\‘~jo> afe em“e\

Thv ( Method of Lagrange mulhpliers. One constraint )

et f and N be funchions of fwo variobles with continuous

Pw‘n‘o»\ decivafives at every point of some open set containing

fhe smooth curve g(y)=0. Suppose That {1 when resfricted to

fhe curve g(xy)=0, hos o local extremum at (oy)and T Qe yu)#O.

Then dhere is & number A called Laﬁravxje Mu.\Jr(&)\Ie_rl for which
qu(n(ujn\—- )\Vc\s("’io\jo3



Method of Lo_j(‘onje MuH(P\\‘ers, One constcaint

Problem: 4ind Hhe moximum /minimum  of -?(xuﬂ on The

cwrye C ‘—\r\q* ‘\S ée‘(ihecl bj "“\Q Q,(Tu&'\'\'oh (I\Lj>:o‘
SU\_PPOSQ tha t *F is diffecentiable and C s Snnod;\).

Proble m so\uinj s‘h‘oj‘ajj:
2. Set wp fhe Sjste_m of eﬁu‘oﬁicms usinj the %\low'w\\j J(e_mp\cﬁe

VA (2040 = AV (XerYe )
3(1“3‘,) =0

3 Sole for x. and Yo (w\mj howe MULH(\D(Q Solu*(ovxs)

4 The \arﬂes* of The ~alues of & of Poir\‘|5 (lea) found above

maximizes § on C3 The smallesf of the volues minomizes £ on C.



Method of L&cjranqe MuH\'P\iets

E)(O.MP\Q_ Use ’H\Q me_’ﬂ\ocl 0{ L.o.r:jomje_ W\U.H\‘PHQ(‘S +0 -P\nci '“f\e

minimum  volue of  f(xy)= Xrhyt-2x 48y subject fo
the constraint 24=73.
{ Determine The o‘;\‘\ed'\\m fonction and The consteaint fwnction
—r(x\g)= 3@”+L<31_zx*83 l ‘j("‘ﬂ) - xr2y-F
2. Sed u‘) the sjs‘rem of ecTuo:th\S

‘('\7_:21-2' 'RS'=8\3'\'8 . 31‘—[ . 3j=2
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Method of Lagrange multipliers
Example (cont.) 2x-2 = A (1)
3. Solie the 535‘(@/\ of eciuo‘h'orxs 83+3 =25 (2)

X42y = (3
Combine (1) and (z) g =1 )

As2x-2=0gty =A
l—ﬁ X=29+3 (&) 2> +24 =3
P\ucis (4) into (3) ¢
9=
P(uj 4= back infs () Cox=2-lk3=G
T\'\Q {)010{‘ (Sc) s the anj solution .
4. BEvoluate £ ob (s,0): L(s)=82 4417 -2:548 1 =23 Min o vox
Toke any othec ?o'mjf on The carue ._f(q‘o)= 3540 -Iy 8 23§



Method of Lagrange multipliecs
Example Maximize “F(x\j>= 1_(17*'231—\) S\Lb:\CC'\ to f’c‘ji= (.

A
2.



Method of Lacjranqe mutipliers . Co\ob—DouS\qs fnction
Coum\j‘s Proéuc+i0h level s qiven by the Cobb—Dbus\QS
-Foﬂ'mdo. -F(:x(uj\: 2.‘3’10'“30'“‘ w\nere X S ‘(\\z ‘&o“d nam ber

b{ \Oklbor (’\owrs | ovr\<?L 3 Ve\)(‘&su\‘\s 'J(\\Q “WIO&\ C&PKJYOJ ‘\hPuJi—
Su??ose | aumt of lobor cosis qb$( one untY of co\?i’xm\ costs
so$. Use The Laﬁra_nje me'\P\ius methed Ao find dhe mayx

V&\ue 01C “F(’Lj):lsxo'“j&ss Su\O\jth( -%o buése‘\urj C,OV\S’YCQC\V\JF
of 5000009,

) Set Lp e Sj&jm\rv\ ot ecIu&{‘lonS:



Meﬂr\oc\ o{ Lacjrcmqe Mu\‘\{P\iets, CDB‘D‘DDUB\% —Func‘(‘l'o'/\

3 Solve the Sus{cw\ (>k>



Method of L&cjranqe mu\‘\{P\iefs. Cobb- Dbufj function

_ 4S000 _ _ 44000
= 2 =SS ‘j-— g SSoo0
4t The condidote for fhe moximum (s (s625, sS00Y

\S ’h\\s G.  Mokimum  of Gl MR (AU ()-

Considec e function 2.§x°'“j°‘ss on ~lhe Bud\cje"’(mr‘j
constrom [lne  tox + Soy = 500000 -
£ con on(j hove eifher one mox on fhis fine oc ohe
M on This  line. ComPque ~he value of £ af ow\j
other Po\w\‘\'\e-f), X =0, y=l0000.

Therefoce  Ahe Pro&ud‘iovx s momied with sc2s onds of
\Q\)or and §€00 wnts of CG.P\{-Q\



