
MATH 10C: Calculus III (Lecture B00)
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Week 9:

Homework 7 due Wednesday, November 23

Today: Method of Lagrange 
multipliers

Next: Strang 4.8

o



Finding absolu te minima and maxima

hm_
.

Assume 2- = ftxiy ) is a différentiable function of

two variables defined on a closed bounded set D .
Then

f will attain the absolu te maximum value and the absolu te

minimum value
,
which are

, respective /y ,

the largest and

Smallest values found among the following
( i ) The values of f at the critica I points of D

( Ii ) The values of fon the boundary of D

Problem solving strategy for find ing absolut max and min :

I. Determine the critica I points of F in D

2. Calcul ate fat each of these critica/ points
3. Betetermine the max and min values off on the boundary
4. Chasse Max /min from the values obtained in Steps 2 and 3



Example
some villages want to set up a communication tower

within 1km of their village . They want to put it at the

highest elevation possible .

Suppose that the land scape a
round the village is

described by ftxiy ) = x (x> +2g
'
- i ) with the village Center

at Cao )
.
What is the highest point Within a (horizontal )

distance of 1 km from (o , o ) ?

In other wards
,
we have to maximise flxiy ) = ✗ ( x2 +25 - i )

on the set of all Key ) with x
>
+ y
'
≤ |



Example
The set D= { Hey ) l ✗4-y

'
≤ | }

is a unit disk ( including the

boundary ) .

It is a closed and

• bounded set .

(Olo )

Its boundary is a unit circle .

The maximum value can be

inside the disk or on the boundary .

Remark : In general ,
find ing the maximin value on the

boundary may
be nontrivial . One can parametric

the boundary as a Curve in R? and find the Maximin

of Halt )
, ylt ) ) ,

where (xltl.y.lt)) is the parameteritation
of the boundary ,

e.g. , ( alt ) , y A ) ) = ( COSA ) , Sin HI ) ,
ff10,20 ]



Example

Compute the maximum on the boundary
flxiy ) = ✗ ( x

>

+2cg
?
- i )

ff1,0 ) = 0 ff-1,0 ) = 0

HÉ ,
±F) = È / Ç -12 . } - 1) = # ( E- 1) = ¥

ffÈ ,
±F) = - È( { + 2- § - 1) = - È - În = -3¥

Step 4 : chasse the absolu te maximum

Inside the disk : ff Éco ) -_¥
On the boundary : HÉ ,

± E) =# ( Élo )

Conclusion : Max value of fon Dis ¥ ,
attained at ( È ,±Æ)



Optimization problem with one contraint

Suppose you own a Company that manufactures the

golf Balls .

After analyzing the market you developed
a mode I that describes your the Company 's profit
as a function of the number x of golf balls sold

and the number
y
of tours of advertising

2- = f (xiy ) = 48×+9692 - X2 - Zxy - 9 y
≥

The maximum number of golf balls that can be produced is

30000
,
the max number of tours of !- D

advertising is 25
.

Maximise fon D= { (xiy) :O ≤ ✗≤ 30 ,

◦ ≤ y ≤ 25 }

il

30

"



Optimization problem with one contraint

Maximize 9
"

2- = f (xiy ) = 48×+9692 - X2 - Zxy - 9 y
≥

on D= { (xiy) :O ≤ ✗≤ 30000 , ◦ ≤ y ≤ 25 }

Solution :
d x

• find the critica points Inside D and max"ËÜôË these
points

• • find the max on the boundary ( parametrize the curve )
what if there is a budgetary contraint ?
For example ,

what if we can only offord the combinations

of x and y that Satisfy 20×+4
y
≤ 216 ? Now the boundary

also includes ( part of ) the Curve ( line ) 20×+49=216 ,
and

we have to maximise fon this boundary curve
.



Optimization problem with one contraint

The contraints ( like budgetary ) are often of the

form glxiy ) - o for some function g
: IRI IR

,
and

one has to maximise flxiy ) on the Curve defined by
the equation glxiy )=o .

This is an example of an

optimization problem with one contraint :

maximise flxiy ) ← objective function

subject to the contraint glxiy )
--0

We can use the method described in the previous lecture :

parametrize the Curve
,
< xlthyct )) ,

and find the critica I

points of facit ) , YHD This can be simplified / shortened

by using the method of Lagrange multiplier .



Method of Lagrange multiplier .

One contraint

Problem : find the maximum /minimum of flxiy ) on the

Curve C that is defined by the equation glxiy )
--0

.

Suppose that Ho . yo ) is the point of local max or min

on C
,

and
suppose that (alt ) , ylt ) > is a

paramétrisation of C such that ✗ lo) = ✗ ◦ , ya / = yo . Then

to is a point 0f local max or min of HH) = fait ) , ylt ) ) ,
which meam that n' 101=0 Now use the Chain rate

n' A) = 3¥ . dÊ + ¥ - 9¥ = ¥
,CNN.pt/xYti-ffykithylH).y' ( t )

n' 10) = ¥, Ho . yo) x
'

lo ) + ¥
,
Kayo ) j' lo ) = iftxo , yo ) . ( d' 101 , y

'

1017
= 0



Method of Lagrange multiplier .

One contraint

""""%) ◦ < """ ' " "">
= ° (go - - - - - - - À

< élo) , y'a)) is the tangent vector ;
to the Curve C at t --0 :

'

:

Conclusion $ : if (xoiyo ) is a point xo

of a local extremum of f on C , then IfHoey . ) is

orthogonal to the tangent vector of C at Mayo )

We also know that ulong the Curve c glxltliylt ) ) - o ,

so ¥9
,

_

alt ) +2¥ -

y.lt/--
o for any t ( in particular to) .

Thus ( fake t -_ o ) ¥
,

Kayo / Élo) + 2¥ Kayo ) y'a ) --0 ,
i.e. 179Hayy .
• (✗to) . y'a)) = 0



Method of Lagrange multiplier .

One contraint

Conclusion 2 : 1f (xo , yo ) is a local extremum of fon C
,

then both 17f40 . yo ) and Pq (xoiyo ) are orthogonal to

( Élo )
, y

'

(o ) ) .

Main conclusion : 17f40 . yo ) and Dg Ho . yo ) are parallel

The ( Method of Lagrange multiplier . One contraint )
Let f and g be functions

of two variables with continuons

partial dérivative at euery point of some open set containing
the Smooth Curve gcxiy 1=0 . Suppose that fi when restricted to

the curve glxiy ) = 0 ,
has a local extremum at Koryo) and tgcxoiyo)≠0 .

Then there is a number I called Lagrange multiplier ,
for which

If Ho , yo ) = ✗Dg (✗nyo)



Method of Lagrange multiplier .

One contraint

Problem : find the maximum /minimum of flxiy ) on the

Curve C that is defined by the equation glxiy )
--0

.

Suppose that f is différentiable and C is smooth
.

Problem solving strategy :
2. Set up the System of equations using the following template

17f /xo , yo) = ✗ tg Ho , yo )

{ glxoiyo ) = 0

3
.
Solve for do and go ( May have multiple solutions )

4
.

The largest of the values of f at points (xoiyo) found a boue

maximises fon C ; the Smallest of the values minimises fonc .



Method of Lagrange multiplier
=
✗ample Use the method of Largange multiplier to find the

minimum value of fcxiy ) = à -1492 - Zxtsy subject to

the contraint xtzy = 7 .

1. Determine the objective function and the contraint function

fcxiy ) = À -1492-2×+8 y
, g. (x . y ) = ✗ + Zy - 7

2. Setup the System of equations
fx = 2x - 2

, fy = 8 y + 8
, 9a = 1

, gy = 2

{
{ 2x - 2

, 8g +8) = ✗ < le 2) 2x - 2 = A

✗ +2g = 7 { 8g +8 = 2d

✗ + 2
y
= 7



Method of Lagrange multipliers

Example( cont.) 2
x-2

= X (

1 \

3. Solve the system of equations {8 y+8=2x (2 >

K+Z4=7 (3 )
Combine C and (2)

2 x-2=49t4.x

x=2g+3
4 (

ul Zyt3+2y =7

4
y

=4

Plug (4) into (3):
y = l

Plug 4-1
back into (4),X=21+3=5.

The point (5i1) is the only solution.

4. Evaluate fat (5.1): £15111=52+4.1-2548-1=27 Minor max
?

Take any other point on the curve:.F(7ol= 7240-14 +8 =35



Method of Lagrange multiplier

Exampte Maximise ftxiy ) = x (x
>

+2g
'
- i ) subject to x

>

+ y
'
= 1

.

1-
.

2.

3.

4. l



Method of Lagrange multiplier .

Cobb - Douglas function

Company's production level is given by the Cobb - Douglas
formula ftx , y ) = 2.5×0.4%0.55 ,

where x is the total number

of labor tours
,
and y represents the total capital input .

Suppose I unit of labor costs 40$
,
one unit of capital costs

50$
.
Use the Lagrange multiplier Method to find the max

value of flxiy ) = 2.5×0
"

'y"
' subject to budgetary contraint

0f 500000$
.

1.

2. Setup the System of equations :



Method of Lagrange multiplier .

Cobb - Douglas function

3
.

Solve the System (* ) :



Method of Lagrange multiplier .

Cobb - Douglas function

✗ = 4580-00=5625 y = 44¥ = 5500

4. The candidate for the maximum is ( 5625 ,
5500)

.

Is this a maximum or a minimum ?

Consider the function 2.5×0" 'y"
"
on the budgetarg

contraint line 40×+509=500000 -

f can Orly have either one max on this line or one

min on this line
. Compute the value of f at any

other point , e. g. ✗ = 0
, y

= 10000
.

Therefore
,
the production is maximized with 5625 units of

labor and 5500 units of capital .


