
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 7:

homework 6 (due Friday, November 11)

Today: Directional derivative.
Gradient

Next: Strang 4.7

o



Direction at dérivative

Consider a function of two variables fcxiy ) .

Then the partial dérivative fxlxoiy .) , fy Kiyo)

represent the rate 0f change of function f at

point Ho , yo ) in the x - direction and in the y
- direction

correspond ingly .

Q : What if we want to know the rate of change
in another direction ? g.+ha. . --

µ
.#

"""h.HN

Represent the direction by yo - - - - - - ;À;
i '

a unit vector Û = < u . .ua ) : i
•

Xo 70th
such that Vu,Î= I

Want to know the rate of Chang in the direction û
.



Direction al dérivative
UÎ = Clio >

Definition we call Ûy = < ◦ il >

ffxoth.li , yo + h
- lez ) - f610 , yo )

Dûflxayo) : = / im
hao h

the directional dérivative off at poin Hugo ) in the

direction à -
- Lui .ua ) ( provided that the limit exists )

Q : Hour to Compute Dùflxoiyo ) ?

• use the definition ; or

• use the following fact : if f is différentiable
,

then

Dû flx ,7) = fx (Xy ) - u , + fy (Xi ) ) - Uz



Example

Let flxiy ) -_ x2 - xy +3g? Find the directionat dérivative

of f in the direction <3
,
-4 ) (at an arbitrary

point Guy ) ) .

Step 1 : Find a unit vector à in the direction <3
,
- a>

Û =
- C -3

,
-4) =¥-43 ,

-4 > = < Ê i ¥ )
11<3

,
-4> It

Step 2 : Compute the partial dcrivatives

fx (x - y ) = 2x - y fy (Xy ) =
- ✗ +6g

Step 3 ! Combine : Dùflxiy ) = (2x-y ) - Ê + (- xtoy ) - (¥)



Gradient

1f flxiy ) is différentiable , E- Lui .ua > , HÙII = I
,
then

Dû flxiy ) = fxlxiy ) - u , + fylxiy ) - lez (* )

= < fxtxiy )
, fylxiy ) > . Û

Def
.

Let flxiy ) be a function of two variables such

that fx and fy exist . Then the Vector

Tlflxiy ):-( fx (✗ iy ) , fy (xiy ))
is called the gradient of f.

We can rewrite (* ) as
Dû flxiy ) = tflx .g) • à



E-✗amples

I. ftxiy ) = x2 - xy +3g? Find If Guy ) .

f, = 2x - y fy = - ✗ +6g

☐ flxiy ) = < 2x -y ,
- ✗ +6g > = (2x - y ) -

Î + 1-✗ + Gy ) - J
?

2. flxiy ) = sinlzx ) Cosby ) .

Find Tlflxiy )

fx = 30513 >c) Cosby ) fy =-3 sintsx ) Sinay )

D ftxiy ) = 43 Cos x ) Cosby ) ,

-35in a) Sin (Sy ) )



Gradient as the direction of the steepest ascent

Consider a function flxiy ) and a point Ho , yo ) .

We know that Dûflxoiy. ) gives the rate 0f change
of function f at point Cxoiyo ) in the direction Û

.

Q : For which à is Dûflxoiy . ) the greatest ?
In other wards

,
which direction gives the greatest

rate of change?

Suppose that f is différentiable . Dente by Y
the angle between Tiffany . ) and à

=L

Dû flxoiyo ) = Tlflxo , yo) . Û = IlPf (✗◦ iyo) / / HÛH
- COSY

= Il Tlf (xoiyo) /le COSY



Gradient as the direction of the steepest ascent

Dû ftxoiyo ) = 1117f (xoiyo) /le COSY

Recall that - I ≤ cosy ≤ I
,
so

• Dû ff6 . yo ) is maximized when COSY =L
,
i. e.

,
when

à is in the same direction as 17f / ✗nyo )

In this case Ûma×=Ë
IlPflxoiyo) /|

'
and

Dû ftxo , yo ) = Il tflxoiyo ) Il
Max

• Dû f40 , yo ) is minimized when cosy = - | ,
i. e.

, Temin = _

TIKKI
htfcxocyo)H

Dûflxoiyo ) = - Il ☒ flxoiyo) Il

• 1f Pfk.io) = ( o , o ) ,

then Dûftxoiyo) -- o for any direction à



Example
Find the direction for which the directionat dérivative

of flxiy) = 2×2 - xy +3g
' at f2,3 ) is a maximum .

What is the maximum value ?

First
, Compute the gradient at Ho , yo ) = C- 2. 3)
fx = 4 x -

y fy = - ✗ +6g

fx (- 2 , 3) = 4. (- 2) - 3 = - Il
, fy f2,3 ) = - C-2)+ 6.3 = 20

☐ ff-2,3 ) =L - " 120>
µ pffz , 3) Il = VINT =À

The direction of the most rapid Increase : LIÉ , ?Ë >

The rate of change in this direction is VI.


