
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 6:

homework 5 (due Friday, November 4, 11:59 PM)

Today: Partial derivatives

Next: Strang 4.4

o



Limit of a function of two variables Eierrortokra
Def Consider a point la , b) c- IR? A S - disk centered

at point (aib ) is the open disk of
radius 8 centered at (ad )

bf à
{ Hey ) l (x- a)4- (y

- b)2<82 }

la

Def
.

The limit of flxiy ) as Guy ) approaches (xo , yo) is L

Iim flay) =L
(Xy)→ (Kayo )

if for each Eso there exists a small enough 8>0 such that

all points in a 8- disk around Kayo ) . except possible Kayo ) Itself ,

ffxiy) is no more than E away from L
. ( For any E > o there

exists Do such that Iftxiy ) - L / < E Whenever VK.xoj-ily-y.jo 8.)



Computing Iimits
.

Limit Iaws

Theorem 4.1 Let Iim flxiy ) =L ,
tim 9kg)=M

,
c- constant

(xiy)→ (aib) (Xiy)t(ai b)

• Iim c- c • Iim ✗ = a • Iim y = b

(xiy )→ (ab) (Xy ) → (aib ) (xiy /→ (aib)

• Iim ftp.y/t-g(xiy))--L+-M • Iim [ flxiyglxiy )] -- LM
(xiytilaib ) (Xy)→ faits)

f
• 1f M¥0

,
Iim

M
(Ky) → Ca ,b) 9.

(Xiv )
=
≤

• tim [ cflxiy )]=cL
G.g)→ (aib)

• h Iflxiy)Î=Û • Iim
"

m

pay) → Ca
,bÎHÏ=À(Xy ) → (a.b)



Exemples

1in
""9)→ 10,0 )

=

1in

Hey/ → (2,1 )
=



Partial dérivative of functions of two variables

Functions of one variable y
-

- ftx ) : the dérivative gives the

instantanéous rate of change of y as a fun tion of x
.

Functions of two variables 2- = -5kg ) have 2 Independent variables ,

we heed two ( partial ) dérivative s .

Def The partial dérivative of flxiy ) with respect to x

is fx =# =

The partial dérivative of flxiy ) with respect toy
is fy =# =



Partial dérivative of functions of two variables

Partial dérivative measure the
""

instantanéous rate of change off

if we change only the x variable ¥,
Ë Ïxtn x

or only the y
variable ¥
ftxiy ) ftxiy )

Ë ::?:

: :

ËËË(a. y , •
! !

(Xy)*.

(✗they ) lxiyth)

: •

y
: i



Calculating partial dérivative

Rud To differential-e flxiy ) with respect to x ,
treat the

variable y as a constant
,
and differential e f as a function

of one variable x :

( x} - 12 xy' - ày + 4 x - y
- 3) =

To differential-e flxiy ) with respect to y ,
treat the

variable x as a constant
,
and differential e f as a function

of one variable y :

§ ( x} - Izaya - siy + 4 x - y
- 3) =



Calculating partial dérivative

Example flxiy ) = e-
"Èˢ

Compute 3¥ =

¥ =



Hicher - corder partial dérivative
Each partial dérivative is itself a function of two variables

,

so we can Compute their partial dérivative ,
which we

call higher - order partial dérivative . For example ,
there

are 4 second - corder partial dérivative

3¥. . }¥= 7¥
,

= -3¥

fxy and fyx are called

fxy and fyx are not necessarilyequal .

Thy If fxy and fyx are continuous on an open
disk D

,

then fxy = fyx on D.



Hicher - corder partial dérivative

Example et flxiy ) = ✗acos ( 2x- y ) + ✗ e-
à

¥ =

3¥. --
2f

Jy
=

a?Ï, =

It is not true in general that fxy = fyx .



Tangent planes
Recall

,
if f is a function of one real variable , then its

graph determines a Curve c in IR? C

and the tangent line to the graph
of f at point x . is the line that Æ__;;
" touches

" the Curve C at point (xiflxo )) - x.

If f is a function of two variables ,

then its graph determines a surface 5
,

• z

and the tangent plane to S at

( ✗nyo , flxoiyo )) is a plane that
"

touches " S at this point .

G-× ☆ y



Tangent plane
Def

.

Let Po = Ho , yo ,
Zo ) be a point on a surface 5 ,

and Iet C be any Curve passing through Po and lying
entire /

y in
S

.
If the tangent line to all such curves c

at Po tie in the same plane ,
then this plane is Callet

the
DZ

Def
.

Lets be a surface defined

by a différentiable function 2- = Hay ) .☒
Let B-- Ho , yo) be in the domain off .

Then the equation of the
Goz by

tangent plane to S at Po is



Tangent plane
To see that this formulais correct

,

we can find two

Curves in S that pass through ( xo , yo , flxoiyo ) ) and determine

the equations of the tangent Lines
.

Jake ÊH) = and Jcs ) =

Then for any t (such that (Kyo ) is in the domain of f)

À (t) .

Simi tarly ,

for any s GTS)
.
Moreover ,

Tangent line to Flt ) at t -- xo : Îp (t ) =

with Flt) =

Similar /
y , tangent line to of ( s) at sego : éqlst.

J'6) =



Tangent plane

Vector À 'A .) = < 1,0 , ¥-64 yo) ) and J'( yo ) = <Oil , ¥y Hoi go) )
are not parallel ,

therefore
, toge their with the point

koi yo . f4 . . yo ) ) they determine a plane with normal vector

À =

The equation of a plane passing through lxoiyoiflxoiyo ) )
with normal vector À is



Tangent plane
Example Find the equation of the tangent plane to the

surface defined by the function flxiy ) = e
"
at point ( ti - i )

• Step I : Compute 2¥
,

and ¥
,

2f
à

=

2f

Jy
=

• Step 2 ! Evaluate ¥
,
(xoiyo ) and 0¥ (xo . yo )

¥-11 ,
- 1) = ¥54 ,

- 1) =

• Step 3 : Eva /vate flxo , yo ) : ff1 , - 1) =

• Stepa : Plug everything into the equation :


