
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 4:

homework 4 (due Friday, October 27)

Today: Calculus of vector-valued 
functions. Tangent lines 

Next: Strang 3.4

o



Dérivative s of vector - value d functions

he dérivative of a vector - value d function F is

F
'

( t ) =

provided that the limit exists .
If F '

/ t ) exists ,
we soy that

F is If F is différentiable at euery

point t from the Interval la , b) ,
we sag that F is différentiable

on (aib)
.

Notice that if Flt / = ( rect) , ra ( t ) ,
B ( t) ) ,

then

F
'

( t ) =

=



Calculus of vector - valued functions

Example Let Flt ) = ( sint ,
ét

,
t' - cet + 2)

Then

Summary

Calculus concepts ( Limit , Continuity ,
dérivative ) are

app tied to Vector - valued functions ComponentWise

( apply to each Component separate /y ) .

1f Flt ) represents the position of some Object , then
• F- ' ( t ) is the velocity of this Object ( IIFYHII is speed )

• À " (t ) is the acceleration of the Object



Tangent Vector . Tangent lines
Let Flt ) be a vector - valued function

. Suppose that
F is différentiable at to

.

t' (f) = < cost , sint >
☆

1û , sine >

Then vector Fyt ) is

The 1-argent line to F at to is the line given by
the vector equation



Tangent Vector . Tangent Lines

The tangent line ÎH ) to FH ) at to has the

Example Imagine satellite Orbiting a planet .

• If the planet disappear
at time to

.
then

☆

Ma
••



Tangent Vector . Tangent Lines

Example Let Flt ) = < t' -2
,
est

,
t >

Find the tangent line to Flt ) at to =L .

First
,
find the tangent Vector at to -- I

Next
,
find the position at to -- I

Finally ,
we can write the equation for the tangent line

Definition we call the principal unit

tentent Vector to F at t
. ( provided IIFYHH =/ o)



Integra Is of vector - value d functions

integration 0f vector - valued functions is done

if Flt) =L Mlt ) . re ( t ) ,
B (t ) >

,
then

and if a < b

Example • / ( sint ,
t'+2T

,

èᵗ > dt =

=

• [fint.i-i.int ) j' + ÈYÎ )dt =
0

=



Integra Is of vector - value d functions

Fundamenta theorem of calculus

Let À :[ a. b) → À be a continuous vector - valued function
.

Let Ê :( a. b) → R' be such that Ë=Ê ( É is antidérivative

of Ê )
.

Then

In particular ,

• if ÛH ) is the velocity vector ,
Flt ) is the position ,

then

gives the

• if à (t ) is the acceleration ,
then



Properties of dérivative of vector - valued functions

Thm 3.3
.

Let Flt ) and ÛH ) be différentiable Vector- valued

functions
,
Iet flt ) be a différentiable salar function

,

/ et C be a scaber .

( i ) ¥ / CFA)] = ( scalar multiple )

(Ii ) ¥ ( Flt ) ± Ûlt) ) = ( sum and difference )

(iii ) ¥ [ Ht ) Ect)] = ( product with scaber
function )

(iv ) ¥ [ Flt ) . ÙH)] = ( dot product )

(v ) ¥ [ Flt) ✗ Û (t) ] = ( cross Product )

(vi ) # ( FIFA )) ) = ( Chain rate)



Properties of dérivative of vector - valued functions

(vii ) If Flt ) . FA ) -- C ,
then

Proof ( iv ) ¥ ( Mt) . ÙH )]

=

=

=

(vii ) ¥ ( Mt ) . FH) ]

This meam that if MEHDI is constant
,
then



Motion in space
1f . F (t ) = (alt)

, ylt ) , 2- (t )> is the position of the particle
at time t

,
then

• Û (t ) = À
'

(f) = <x
'

Itty
' /tl

,
ÉH ) ) is the Velocity ,

and

• à (t ) = F " (f) = <✗
"

(thy
" /H

,
2-
"

(t )) is the acceleration
,

and

• v ( t ) = IIIA ) Il = À @ ' HHH (y'a ) )
'

+ G-
'

H ) )
'

is the speed

Example : Projectile motion

Consider an object moving with initial velocity À but

with no forces acting on it other than gravity ( ignore
the effect of air résistance )

.

Newton 's second law : Ê = mà
,
where m = mass of the Object

Earth's gravity : IIÊGH = mg ,
where 9--9.8%2



Projectile motion

Fix the coordinate System : Êg = - mg j' = < ◦ ,
-

mg ,
o>

•

y a
"P ↓Ë

¥backWard forWard
→ %î

down

I
Earth's gravity is the ony

Newton 's second law : F- = mà
→ force acting on the ObjectEarth's gravity : Fg = -mgj Ê = Êg



Projectile motion

ÊH) = Êg : mâlt ) = -
mg

- j'
àlt) = - g-J ( constant acceleration )

since à A) = Ïlt )
,
we have Î

'

A) = - g.j .

Jake antidérivative : ÎH ) = fgdt - j' + Ê = -gt - j' + Ê

Determine É by faking Jlo) = À ( initial velocity ) :

Î( o ) = - g.O.j + Ê = Ê -
-À

This gives the velocity of the object :

I'A ) = -

g
- t - j' + À .

Similar 'y ,

ÎH) = Ect )
. By faking the antidérivative and Flo )=Ê

FA ) =/ÛH)dt+Ê=fg -t +À )dt+Ê = -gtj? -LÀ +È

Flo) = Ê=Â
,
so Flt ) = - gt - j' + TÛ + À



Projectile motion

A projectile is shot by a howitzer with initial speed 800ms
on a flat terrain .

Determine the max distance the

piojectile can cover befor hitting the ground .

since the initial speed is

given ,
the initial velocity

•
can be determined by the

•

E- < o
.»

- •

angle : À = 800 < Cos ⊖ ,
Sin ⊖ )

Equation of the trajectory : Nt) = - lo - ÈJ + sootcoso-i-i-soots.inOÎ

Hitting the ground : second Component or FK ) is 0 :( 10E -1800 tsin 0-1=0
800 -sino

t flot -18005in 0-1=0
,
so tn =
←

= 80 . sino
.

The position of the hit is
F (tn) = OÙ -1800.80 . sina.cos-0.is = 64000 . Isin (20) . Maximum is achieved

when Sin (20) = |
,
i. e.

,
2-0 = ¥ ,

D- = ¥ = 45°
.

Max distance is 32km
.


