
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 4:

homework 4 (due Friday, October 27)

Today: Calculus of vector-valued 
functions. Tangent lines 

Next: Strang 3.4

o



Dérivative s of vector - value d functions

he dérivative of a vector - value d function F is

¥Ë F
'

( t ) = Iim ËÎᵗ )
hio h

provided that the limit exists .
If F '

It ) exists ,
we soy that

F is différentiable at t . If F is différentiable at euery

point t from the Interval la , b) ,
we soy that F is différentiable

on (aib)
.

Notice that if Flt ) = ( rect) , ra ( t ) ,
B ( t) ) ,

then

Ë(f) = /im <MA th) -M /H , rzltth) - Klt ) ,
BHth ) - r> (t ) )

hio h

= ( Iim MᵗᵗY' ,
IimÆË , Iim
Ï >⇒n'HI.MN ,

hio h→ o h → o h
n'AI >



Calculus of vector - valued functions

Example Let Flt ) = ( sint ,
ét

,
t' - cet + 2)

Then F
'

(f) = < cost ,
2e
"

,
zt -4)

Summary

Calculus concepts ( limit , Continuity ,
dérivative ) are

app tied to Vector - valued functions ComponentWise

( apply to each Component separate /y ) .

1f Flt ) represents the position of some Object , then
• F- ' ( t ) is the velocity of this Object ( IIFYHII is speed )

• À " (t ) is the acceleration of the Object



Tangent Vector . Tangent lines
Let Flt ) be a Vector - valued function

. Suppose that
F is différentiable at to

.

het C be a Curve

defined ( parametrized ) by Flt )
inÊ ,

Cos >

Flt ) -_ < cost , sint >
☆

àsinE > J'A) =L -bint , cost >

F. (E) =L - E- , E)

✓

Then vector Fyt ) is tangent to C at to (at Ftto ) )
The 1-argent line to F at to is the line given by
the vector equation êlt) = FH .) + EH / t - to )



Tangent Vector . Tangent Lines

The tangent line ÎH ) to FH ) at to has the

same position and Velocity a> F at time to :

êlto ) - F (to )
ËH . ) = T' A.)

Example Imagine satellite Orbiting a planet .
êlt .)

• If the planet disappear
at time to

.
then the

☆

satellite would keepgoing
•

•%
• Fit.) -_ êlt. ) dong ÊH )
position at to



Tangent Vector . Tangent Lines

Example Let Flt ) = < t' -2
,
est

,
t >

Find the tangent line to Flt ) at to =L .

First
,
find the tangent Vector at to =L
F
'

(t ) = < 2f ,
3 est

, | )

F ' ( l ) = ( 2 ,
3es

,
l >

Next
,
find the position at to -- t

F11 ) =L - I
,
ê

,
| >

Finally ,
we can write the equation for the tangent line
Ê (t ) = L - I , e? I ) + ( 2. 3e? I ) . ( t - 1)

Definition we call TH ) :=ÎË¥, the principal unit

tangent Vector to F at t
. ( provided IIFYHH =/ o)



Integra Is of vector - value d functions

integration 0f vector - valued functions is done

ComponentWise : If Flt) =L Mlt ) . re ( t ) ,
B (t ) >

,
then

/ Fltldt = ( frit )dt , fr2 A) dt , fr3 (f) dt > (antidérivative )

and if a < b
b b

b b

/ Flt) d =L foi A) dt , frzltldt , fr3 (f) dt ) (definite Integral )
a

aau

Example • / ( Sint ,
t'+2T

,

èᵗ > dt =L - cost +ci , ¥ + t' +Ca
,
Êtes>

= C - cost
, ¥ -12

,
Ë > + È

,

where E is an arbitraire
vector of constants

• Ifint .it/-i+zt)j-i-etk)dt--L-cosH+cosio) , ¥+22 - O , É - EË )
O =L - cost ) -11

, 8-3+4 , Ê - É )



Integra Is of vector - value d functions

Fundamenta theorem of calculus

Let À :[ a. b) → À be a continuous vector - valued function
.

Let Ê :( a. b) → R' be such that Ë=Ê ( É is antidérivative

of Ê )
.

Then [ f-Ytsdt = F- (b) - Ête )
a

In particular ,

• if ÛH ) is the velocity vector ,
Flt ) is the position ,

then
b

[ÛHIDT = Fcb) - FG)
a

gives the dis placement between times a and b

b

• if à (t ) is the acceleration ,
then fâlt ) dt = Ûlb ) - J (a)

a



Properties of dérivative of vector - valued functions

Thm 3.3
.

Let Fit ) and ÛH ) be différentiable Vector- valued

functions
,
Iet flt ) be a différentiable salar function

,

/ et C be a scaber .

( i ) ¥ / [ Fa)] = CF 'A ) ( scalar multiple )

(ii ) ¥ ( Flt ) ± Ûlt) ) = Flt) ±Ét ) ( sum and difference )

(iii ) ¥ lflt ) Ect)] = -l'A)Mt ) + Ht ) - Flt ) ( product with scaber
function )

(iv ) ¥ [ Flt ) . ÙH)] = J' •Û + F. Ù
'

( dot product )

(v ) ¥ [ Flt) ✗ Û (t) ] = rift ) ✗ ÛH / + Mtl ✗ Û
'

(t ) ( cross Product )

(vi ) È ( FIFA )) ) = F
'

/Ht ) ) . t'(f) ( Chain rate)



Properties of dérivative of vector - valued functions

(vii ) If Flt ) . FA ) -- C ,
then Flt ) . Fét ) = 0

Prof ( iv ) ¥ ( Mt) . ÙH )]

=

=

=

(vii ) ¥ ( Mt ) . FH) ]

This meam that if MEAM is constant
,
then


