
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 2 is due on Friday, January 21 11:59 PM

Today: Periodic, aperiodic, reducible, 
irreducible Markov chains with 
finite state space
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Stationary distribution and long - rien behavior
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Stationary distribution and expected return times

Recall that Tiradentes the time of the K -th visit to state i
.
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Periodic and aperiodic chains

het (Xn ) be a MC with state space Sand transition

probability plij ) .
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eriodic and aperiodic chains

Lemma 7.2 If P is the transition matrix for an irredu cible

Markov Chain
,
then dCi ) -- dej ) for all states i.j .

Proof
-
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RW on bipartite graphs
-

✗ample 7.3 et G = ( V ,
E ) be finite Connected graph .

• SRW on G is irréductible ( all vettius have the same

period ) - we call the common period the period of MC

. For any i -j plij ) > 0 . plj , i ) > o ,
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lrredu cible aperiodic Markov Chains

theorem 7.4 et P be a transition matrix for a

finite - state
,
irréductible

,
aperiodic Markov Chain .

Then

there exists a unique stationary distribution 1T
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Redu cible Markov Chains

ot irredu cible MC = reducible MC

Def 7.5
_

et (Xn) be a MC with state space S .

We sag that states i and j communicante ,
de noted i ⇐ j

if there exist n.me/-N-utols.t.pnlij)soandpmCj.i ) > 0 .
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Lemma 7.6 Relation ⇒ on s is an Equivalence relation .

( reflex ivity ,
i ⇐ i ) poli , i ) =\ ,

so i ⇐ i

( Symmetry ,
l'⇐j ⇒ j' ⇐ i ) Follows from Def 7.5

( transi tivity , i⇐j , j'⇐k ⇒ l'⇐ K ) inij : pnlij ) > 0 , pmljii ) > o

j ⇐ K : pniljik) > 01 pm ' (Hj ) > o .
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Communication classes

Equivalence relation ⇐ splits the state space
into

communication classes ( sets of states that communicante

with each other )
.
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MC is irréductible Iff it consists of one communication class

Class properties : [ proof as in Prop 4.8 , Prop .
7.2 ]

- transience or recurrence : either all states in one

class are transient (class ) or all are récurrent (class )

- periodic ity : all states in one class have the

same period



Communication classes

suppose i and j be long to different classes .

• If p ( l'ij ) > o ,
then pnlj , i ) -- o for all ne ☒ ( otherwise

i ⇐ j .

• 1f pli , ;) > o and pnlj , i ) -- o for all ne ,
then

pif ✗ n = i for infinite /y many n ] E I - p ( i.j ) < I ,

and thus I is transient

• Therefore , if i and j be long to different classes
and i is récurrent

,
then pci , ;) = o ( once in a

récurrent class
,
MC stags there forever )

If we split the state space into communication classes
,

with Re denoting récurrent classes , then the transition
matrix has the following farm



General farm of transition matrix with finite S
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• What about transient states ?

• What if Pe is not aperiodic ?


