
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 2 is due on Friday, January 21 11:59 PM

Today: Periodic, aperiodic, reducible, 
irreducible Markov chains

          

@



First step analysis
Let (Xn) be a MC with state spaces and transition matrix P.

← hitting /absorption tim
Let ACS , ta = min { n > o : Xn c- A }

,
and denote

n'Yi) : = Pi [ ta < a ] ( as in lectures with B =P
,
so that tp = a)

Î hitting / absorption probability

Then ( lecture 2) halil satisfis the system of linear equations

h
#

( i ) = I if i c- A

(*) { HA ( i ) = [ pli .;) HAIJ ) if i # A

jes

The solution May
be not unique .

Theorem70_ The vector of hitting probabilités ( h
#
( i )

,

ie s )

is the minimal nonnégative solution to (* )

(Minimal : if (✗ (i) , its ) satisfis (* ) and ✗ (i ) > o ti , then xii )>Hi ))
tri



First stepanalysis7-fo-minim-ityi.tt (✗ (i ) , its ) be a nonnégative
solution to (* ) . Then x ( i) = I for all it A (so x ( i) >_ HACI ))
For all i # A

✗ ( i ) = -2 plijxj = -2 pli , j ) + E plij ) ✗ (j )
jes je A j'¢ A

=

g.
¥ pliij ) + §,+ pli.jl-plj.KZ pij .# ( k ))

KEA KEA

= [ plij ) + Z 2-
je A Key

P ' "J ) /"jik ) + 2- 2-
j¢Ak¢ #

P" ) pljik) x ( k )

j' c- A

= Di IX ,
c- A] + Pi IX , # A ,

XZEA ] + HÉ = -- - =

n°

= Pi (✗ce A) + Pif X , ¢ A ,
X, c- A ] + -- - + Pi /× , ¢ Ai - - - , ✗ n- i # Ai ✗ ne A) + Hn

= Di ITA = 1) + Pitta = 2 ] + Pi / TA = n] + Hn
" °

⇒ Vie A ✗ ( i) I Pitta En] ⇒ Vie A ✗ ( i ) I Life Pitta en] = h
"
ci )

,µtn



First step analysis
Denote GTi )- Eil TA ] ( meam hitting / absorption time)

Theorem 7.0
'

The rector of meam hitting times (gki ) ,
ies )

is the minimal nonnégative solution to the system of

linear equations
gci ) = 1+-2

g. es
Pliijlglj ) if i¢A

{ gli ) = o if it A

Prout : Exercise .



Stationary distribution

Stationary distribution

1T = IP

\ 1 : Existence of the stationary distribution

Qz ! Unique ness of the stationary distribution

Q 3 : Convergence to the stationary distribution



General Markov Chain with finite state space

Let (Xn ) be a MC with finite state space 5.

Suppose that a- = PIT
,
P = QDQ

"

such that

* | D. =/
' ° - i - o

① =/
,

! * | À :-|
"

q µ | ,

lim Mn -- 0 (**)
: n → a

:O

Then timp? tim QD
"

Q
"

=p ! "

nie
* | /

' ° - - °

:O Il :-/ =/ |n → a

Enough to have the following : ( use Jordan normal form )

l ) T is a simple eigenvalue ( T is aiways an eigenvalue

since (P1) ; = [ plij ) = I
,
so PH --

, =/ ! ) is an e. F.)
j

2) There is a Ietf eigenvector of I with all nonnégative entries

3) 1f dis an eigenvalue of P and d # I
,
then Id / < |



Perron - Frobenius theorem

theorem 6.5 Let M be an Nx N matrix all of whose

entries are strict/
y positive .

Then there is an eigenvalue

r > o such that all other eigenvalues ✗ satisfiy Htc r

More over
,
r is a simple eigemralue and its one - dimensional

eigen space contains a vector with all strict /y positive
entries . Finally ,

r satisfis the bound min 2- Mij « re max 2M

Prof
.

No pro
of pa

i J i j

Let P be a stochastic matrix with all strict /y positive entries .
Then 2- Pij =L ,

therefore I is the PF eigenvalue : simple
j

with ( left ) eigenvector IT with all positive entries .
1f (Xn) is

a MC with transition matrix P
,
then tim to P

"

= 1T
.

n→ a



Perron - Frobenius Theorem

Enough if I no > o st .

all entries of p
"

are

strict 'y positive .

(%)← (E)
Corolla ry 6.6 Let P be a stochastic matrix s.t. there

exists no c- À for which i. j [P
"

] ij
> 0

Then there exists a unique stationary distribution -1T -- it P

and Iim OP! IT for any distribution I
.

his

Proofs
.

Use the fact that if ÛP -_ ✗¥
,
then J' E- dûP= IF

so P
"

has the same eigenvectors as P
,
and eigenvalues are n - th

powers
of eigemralues of P . By PF -1hm

,
I is ev of P

"

with

eis IT and #
,
therefore I is e.v. of P with eT IT and I

If d is ev of P and d # 1 Hend
"

is eu of P
"

. By PF
IN / < | ,

therefore Idl < I .
We conclu de that P satisfis I) - 31µg



Stationary distribution and long - rien behavior

Trop .

7.1 1-et (Xn ) be a MC with finite state space S .

Suppose that there exists no c- ☒ s
-

t IP
"

]
,;
> o for all i.je s

Then for each j , Hj ) is equal to the asymptote expected
fraction of time the chain spend s in j ,

i. e.
,

tim
n→a

E- [ ¥+1 Ès #{✗"=j } ]
= ITG )

Proof
.

n

Et / ¥ Ëo# {✗ " =p ] = ¥
Î Et ✗ k=j ] = # ¥

,
¥, LPIXx-jlxo-iJP-H.it1<=0

= ¥, Î {Top
"

] ;
IL = O

By Cor
.

6.6
,
[ to P

"

]
,
-

→ Tilj ) as le → •
,
for all jes and To .

Therefore
,
# È ! ITOPYJ → T'j ) , [ if an → a. n → a ,

then n' Îax → a ]
1<=1

n →-


