
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 1 is due on Friday, January 14, 11:59 PM

Today: Irreducible Markov chains.  
           Random walks on graphs
          

-

@



Classification of states : recurrence and transience

Let (Xn ) be a Markov Chain with state space
S

.

Jé A state its is ca / Ied récurrent if

Pi (Xiii for infinite Ig many n ) =/

A state ies is called transient if

Pi (Xiii for infinite Ig many n ) = 0

Denote Ti : = Ti
, ,
= min { n > 0 : ✗ni } and ri : = E- [ Ti < a ]

Theorem 4.2

Let its
.

Then

( i ) i is récurrent <⇒ ri =L {⇒ Î pn ( i. i ) = a
n = 0

(2) i is transient <⇒ ri < 1 ⇐ Ê pn ( i. i ) <
a

.

h=D



Recurrence and transience of RW

Example 4.5 { p , j -- l'+1

Let (Xn ) be a random Walk on Z
, plij ) -_ ftp.j-i-I0

,
otherwise

Fix it Z
.

Is i récurrent or transient ?
on

Use the I pnci.it criterion .

n =D

Notice that pnli.it- o if n is add
•

Goal : Compute §
.

Panti . i )

pan ( i. i ) = ( EI ) p
"

(tp )
"

( trivial for p=o or p=i)|÷n
Case I : pelo " ) , p #④ .

Then pa - p ) ky'a
§ pznliii ) = (Y ) (pa - p))

"

< Ê 4
"

( pa - p ))
"

< a

n= 0

(1) < 4? ËÎ
.

⇒ all states are transient



Recurrence and transience of RW

Case 2 : p
-
_ E

( In ) =k ← use Stirling's approximation
h ! h !

n ! - ✓21inInan
¢

(Y) - H¥ . ,=ç=
2

"

. #
on

a

Ë pnii.it ¥ ¥ . # =
Z ¥ = + •

h = 0

⇒ all states are récurrent



lrreducibility
s it aiways true that either all states are

récurrent or all states are transient ? NO

Example | .
' Î '

>•
3 tis transient
T

2,3 are récurrent

Def 4.7 Markov chai
-

in is Callet irréductible if for any
i. je s there exists ne ☒ st . pnliij ) > °

Prop .
4.8 1f (Xn) is irredu cible ,

then either all states are

récurrent or all states are transient .

Proot
. Suppose i is transient , jts , pn.li , j ) > 0 , pn ,

(ji ) > 0

Then MEN pn.i-mi-n.li , i ) I pnoliij ) pmljij ) pnfj . il
a 0

ME Pmljij ) ± ¥
.

pn.fi) . pi, Pnotmtn . ( iii ) < • ⇒ j is Transient
Tea



Graphs
Def 5. I A graph G -

_ (V.E ) is a collection of vertices V

and relations E on VXV ( which we call edges ) .

For x , yet we write x - y to meam (x, g) c- E .

E is assume d to be anti - réflexive ( xXx ,
no Kops ) and

sym
metric ( if x - y then ynx ,

indirected graph ) .

Example
!
-

.

'

✓ = { 42,314.5 }

3
E = { ( h2 ) , (Zil ) , (2,4 ) ,

/ 4,2 )
,
( 4. 3) , /3,4 )

5

-4 (3,5f , / 513) , (5,1 ) ,
( 1,5 ) }

Example
✗ = Z

-j -j
-j

-

i i j j E-- { ( i. in ) ,
( i. i - i ) : ie Z }

Valence of a vertex ✗ c- Y : Ux = # { yev : x - y }



Simple random walks of graphs
Def . 5.2 The simple random walk on the graph G- ( V. E )
is the Markov chain ( Xn ) with state space V and

transition probabilités pcij ) sit . pli . ;) > o i - j
and pliij )=o IXJ . ( ✗ n ) is

calledsymmetricifpli.jpfor all j sit .
i -j .

Example 5.3 RW on Z

p( i. g.)
=/ Et j' = " '

/
È . j=i - ,

• . . . . . . .
O ,
otherwise

- z - L - I I 2 3 4 Ï
Example 5.4 . tai ) c- ni ) (al ) un mi )

V = #D= { ( iii. . - , id ) : Ime Z }

RW On #
d

faut c-i. o ) (o.o) (no ) no) Î - J Iff III - J H
,
= l

d

HX /|
, =m=[

,

/ Xm / f4 - il th - i ) (Oil ) ( Irl ) (2 , -1 ) ⇒ Vi =



SRW on ☒
d

Zemark For any
d c- À

, simple random walks on Zd

are irreducible ⇒ all states are in the same class

SSRW on Zd
,
de { 1.2.3 }

1.1.1-b.

pHf÷Ë÷.

Yz Yz
'4fr←Éo→• •"••

• • • •

récurrent
transient

remirent

transient
récurrent



Simple symmetric RW on Zs

s for D= /
, pn ( i. i ) = O if n is add

o

Goal : determine if I pan / i. i ) is finite or not .
n = 0

Jake i-o-lo.no ) for simplicity .

pan /
Ô

,
-0) = # { paths from à to Ô in zn steps } . (j)

"

i steps (+1,010 )

i steps (-1,0/0)
←ï.

j'4

-

ËÏFËÏÏËÏËÎËÏÏ.ËËË.

j steps (0,1-1,0) at
"

-

j steps ( o ,
- I

, o )
⑧ • • •

•K Steps ( 0,0 ,
ti )

K Steps ( o , o ,
_ , )

Zi + Zj +2k = zn



Simple symmetric RW on Zs
Zn

Step I : # { paths from to to Ô of length zn } = [
iii.Kao (iii. jij , K ,

K)

itjtk-np.nlo.at-2' - E)
"

=/% )Ë?ç»(Ï÷:[ f)
"

i. jik» ( i ! j ! K ! Y

ii-jtk-nii-jtk-nstepzi.Zfi.fi/--5.soEi?;.#-Y--tiijik?0
iijik >0

itjtk =n ii-jtk-nv-ia.isaim

Steps : 1f ai > o and ai EM
,
then Ea? E M Zai

I Fiff)
"

± m" i!")
"

• Iand thus
i.j.no iii. 1<>-0
itjtk =n itjtk = n



Simple symmetric RW on Zs

Steps I - 3 imply that
2h

pnlôio ) « (Y ) (E) max ( ii.! ) (* )
i.

j.hn?0i+jtk=nnstep4:Ifn--3m
,

then ma" ( i. Île ) = (minim)i.

j.hn?0i+jtk=nsteps-:fn?m?!:-fsT-¥¥.EE#nF:-i.--FE..Stepsu-s-
+ A) + asymptotes for (Y ) ( E )

"

_ Én gives
a

pom /Ôiô ) -É - n÷k = 2Ème and §
.

poom CEJ ) < •



Simple symmetric RW on Es

Step 6 :

pom /ôiô )
> (E)
'

pom -zlôiô ) me N

pom /OTJ ) ? (E)
"

pom - 410,5 )V-mt-N-I-l.tt
.

.

t-o-F-o.to#ooo
⑧ • • •

•

Conclusion ! [ paulo ,ô ) E ( 1+62+6 " ) È pom 15,5 ) < a
n = o m =D

All states of a SSRW on È are Transient



SSRW on Zd
,
de { 1.2.3 }

t.IE. ///
-0FF

t'4
←Ï→•

" " ! ! ! !µ
"4

-→

•#•→#•

+
transient

ÎÊçrécurrent récurrent


