
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 1 is due on Friday, January 14, 11:59 PM

Today: Hitting times. First step analysis.
            Stopping times

@



Expected hitting times
Let (Xn!

> ☐

be a Markov Chain with transition probabilités
pliij) and state

space
S

.

dation : Pi [ Y } =P [ Y / ✗ai ]
,
Ei / Y ] = EIY / ✗ a- i )

L et ACS
, ta := min { n > o : Xn c- A }

\
: Hou long (on average ) does it fake to reach A?

Compute Ei [TA] =

By definition ,

Eipy ] = Êkpfy =/< IX. = i ) ( Yt {01h ? - - - })
12=1

First step analysis ( condition ing on the first step )

gti ) = Ei ITA] =



Expected hitting times
If it A ,

then gli ) --0 . Suppose IEIA .

Then

LP / Ta -- K / ✗ii. Xo =P / Xo # Ai XIEIA ,
- -

-

,
XKIEIAIXKEAIX , -j ,

Xiii ]

=P / ✗
☐
¢ A ,

X
, # A ,

- -

,
Xx- z # Ai Xk - IEA / ✗ o=j ]

= RITA -- K - l lXo=j ]

Compute the expectation

glil-j.FEITAIX-j.Xo-ill.PH/i-jlXo--i ]
=

=



Expected hitting times
Conclusion : gli ) = / +§, pliij ) glj ) if it A{ gli ) = o if it A

Example 3.2 On average trow many times
do we reed

to toss a coin to get two consecutive Heads ?

Dénote by the number of consecutive heads after n'+ toss
.

O I Z

✗ne { 0,112 } , p =
° É É °
' / ± ° :| "

2 O O I

g (2)
= 0

g (1)
=

g (o)
=

glo ) = gli) = glo ) =

starting from state o it tales on average
6 fosses to

reach state 2
.



Stepping Times

Def 3.3 Let (Xn) n» be a discrete time stochastic process .

A shopping time is a

such that for each n the event { F- n } depends

only on

Example T,
= min { nzo : ✗ n = i } is a shopping time

{Ti = n } =

Ta = max { moi. ✗ n = i } is not a stepping time

{ Ta -- n } =

Recall Markov property : If (Xn) is Markov ( d. P)
,

then

conditionat on ✗ m -- il
,
the process ( ✗mtn)nen is Markov (Seif)

independent of Xo
,

Xi
,
- -

-

,
Xm



Strong Markov property
Proposition 3.6 Let (Xn) be a time - homogeneous Markov

chain with state space
5 and transition probabilités pcij )

.

(et T be a shopping time ,

les and El ✗+ =L] > o .

Then
,

conditional on ✗+ =L
,
( Xian )mo is a time -

homogèneous

independent of Xo
,
- - -

,
✗+

.

In other wards
,
if A is an

event that depends only on Xo ,
Xi

,
-

,
XT and Plan { 4- =L }] > O

then for all n > o and all Io
,

i
,
,
- -

,
Ines

[ ✗Tu = il
,

✗1-+2 = iz
,
.
-

,

✗Ttn = in IA n { ✗+ =L } ] =

☒
Pratt

.

Use the partition { {F- m }}mÎ
and apply Markov property

( see the notes )



Classification of states : recurrence and transience

Let (Xn ) be a Markov Chain with state space
S

.

-

A state its is ca / Ied récurrent ifJef 4. I

A state its is called transient if

Remark

Letti
,
/< = time Xn (starting from i ) visits state i Kth time

Ti
, /
= O

,
Ti

,
1<+1 =

Then
,
for 1<>-2

,
Tick are shopping Times

.
Indeed

,

{Tia -- m } =
m- l

{Tip = m } = Ü {Tin - i -_ e.Tin -_ m } = H {Tix. ,=e ,
✗en # i. - - - , ✗ m - i # i , ✗mi}

1--1<-2 l'- ""
t depends on Xo

,
- - ^

,
✗e



Classification of states : recurrence and transience

Dénote Ti - Ti
, ,
= and

ri : =

iÆüTheorem 4.2 i. :

Tin Tip Ti
, 4

M

Let its
.

Then

( i ) i is récurrent <⇒ <⇒

(2) i is transient <⇒ ⇐

Procol
. Step ' : By the Strong Markov property

H? /Tiikti < • ITi ,k< • ] =

[Ti
,
Kui - ] =

Step 2 : Dénote Ni :-. ← # times (Xn ) visits state i

Y K > 1
,
{ Ni >- K } =

,
so Pilniak ] = Efti .ua] =



Classification of states : recurrence and transience

Thus Elf Ni ] = Î Fil Ni > K ] =
K=L

Et! Ni ] = Et ! Î * = ;] = Î Dit ✗ni ] =
h= o h = o

a

Êr? < a ⇐Since rie (Oil ]
,
[ ril = • ⇒

,
e»l = o

Step 3 : ri =L ⇐ V-k.lt?lNizkJ--l
,
i. e.

,

i is

Step 4 : ri < | ⇐ Dit Ni > k ] = ri
"
→ O

,
K → •

,

so LP
,

- [ Ni = a) = 0 ,
i. e.

,
i is

Î pnliii ) = Ê rie =
h = o l = 0

ta



Recurrence and transience of RW

Example 4.5 fp , j-i.tl

Let (Xn ) be a random Walk on Z
, plij ) -_ ftp.j-i-l0

,
otherwise

Fix ie E
.

Is i récurrent or transient ?
on

Use the I pnci.it criterion .

n =D

Notice that pnli.it- o if n is add
•

inGoal : Compute §
.

pznliii )

pan ( i. i ) = ( trivial for p=o or p= , )

Case I : pelo " ) , p # E .

Then pa - p ) < 4-
• a

§ pznliii ) = ¥ (pa - p))
"

( ! ) < 4
"

⇒ all states are



Recurrence and transience of RW

Case 2 : p
-
_ {

(E) =k ← use Stirling's approximation
h ! n !

n ! - Vzitn În

A-
a

¥ pnliii ) =

⇒ all states are


