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Test Homework on Gradescope

Today: Transition probabilities. 
Hitting times
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least time

Def 1.5 Let ✗ n be a discrete time stochastic process

with state spaces that is finite or countably Infinite .

Then Xn is called a discrete time Markov chain if

for each ne # and each ( i , , _ . - , in ) e s
"

(M) [ ✗min IX ,
= ii. . - -

,
✗n - i -- in- i ] = LPIXN -

- in I ✗ n - i -- in- i ]

Example 1.2 ( Recall { Xi } are i. i.d.)

Suppose that S is finite or countab.ly infinite

Then ( by independence ) IPIXN -- in IX ,
-

- i
, ,
. . . ,Xn, -- in - i ] =P /✗min ]

and P / ✗min / Xn . , -- in- i ] = LPIXN -

- in ]
,
so ( M ) is Satisfied .

PIX ,
= i

, , .
. -

,

✗n = in ] = DIX ,
-

- i
, .
.
-

,
Ki-in ]



Discrete time Markov Chain

Exemple 1.2 (cont . ) Recall Sn = ✗ it - - - + Xn
,
so ✗ n =

and thus LPIS ,
-_ ii. . -

,
Sain ] =

Check ( M )
P /Sii , , Sa -- iz ,

- -
-

,
Sn -- in]

Pf Sn -- in IS
,

-

-
i
, , . . . .

5m ,

-

- in - i ] =
LP / Si -- i , , Sa = iz

,
- -

i

,
Sh - i -- in - i ]

=

=

LPISN -- in 15mi -- in ] =

=

We conclude that sen is



Transition probabilités .

Time - homogeneous Mc
"

Distribution
"

of a Markov chain is completely described

by the collection

Def.1.LA Markov Chain is ca / Ied time - homogeneous
if for any i. je 5

i.e. , there exists a function p : 5×5 → [ 0,1] S.t.

We call III Xrijlxn - i -_ i ] the

"Distribution " of a time - homogeneous MC is

determined by the

and



Transition probabilités
1f pli , ;) are the transition probabilités ,

then

Epci ;) =
ges

DI
.

If A is an nxn matrix s.t.tl ie { 1
, -

- in }

Îtij = 1 ,
then A is called

ja
-

Si Sz -
- -

-

-

S ,

suppose /Ska and Iet
52

F- fpcij) ] ijes , P =
i
.

Then
-
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Transition probabilités

Example 1.7

Markov Chain on 5- {01h2 ,
- -

i N }
, , , µ . •

O l 2 3 N- I N

Transition probabilités :

if it { 1,2 ,
- - IN - I } then pcij )

-

_ {
Reflecting random walk :

Absorbing random Walk :

Partial / y reflecting Walk :



Ehrenfest model t B

Diffusion through a membrane :

N partiales in two Chambers
Connected by a Small hole

[Think about two urns with

N balls ]
At each step you chasse (unif.at random) a ball

and

put it to the other urn [ particle passing through the

membrane ]
.

Denote Xn = # balls in urn A
.
✗ ne { 0,1 . - ,

N }
O I 2 3 - - - N

(Xn) is a Markov chain o

t 1Vie {0,1 .
. .

,
N } pli

'
it ' ) = p = ,

pli , i - i ) = ?



n - step transition probabilités
Let (Xn ) ne#un} be a Markov Chain (time - homogeneous ,

finite 5)

\ :
Given Xo

,

what is the distribution of Xn ?

Lemma 2.3 Let (Xn) be a time - homogeneous Markov chain

with a finite state spaces and transition matrix P
.

Then

V-ne-N.pro#( Induction by n ) n =/ : DIX ,
-

- j / Xo
-

- i ] = Pij
Induction step : suppose that PIX n -- j /Xiii ] = [ P

"

Jij . Then

LP / Xnti IX. =i ] =

=

=

=

DU



Chapman - Kolmogorov Equations
Cor

.

2.4 Let (Xn ) be as in Lem 2.3 .

Dénote by pn ( i.j )

the n - step transition probability pnlij ) =P / Xn IX. =i ] .

Then for any mine IN

Pmtnliij )

.pro#.ByLem2.3,V-neINpnliij)=IPJij.Thenpm+nli.j)--
[Pm
"

/ ij = { PÎRÎ • •-
K
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-
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.
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Markov property
" future is independent of the past

"

Prop Let ( Xn) be a time - homogeneous MC with discrete

state space Sand transition probabilités pli , ;) . Fix ment ,
les

.
and

suppose that LPIXM =L ] > o .

Then conditionat on

✗ m -- il
,
the process ( ✗mtn)nen is with transition

probabilities initial distribution (atom at l )

and Independent of the random variables

Prix
.

Let A be an event determined by Xo
,
-
-

,
Xm

.

• First assume that for some@ ,_ ,
im) c- Î

"

Then [ {Xm -- im ,

- -
-

,
✗mtn

-

- imtn} MA / ✗me]

=



Markov property

• Any set A determined by Xo
,
-
-
-

,
✗m is a disjoint

union of the events of the Farm { ✗ ☐
= io

,
. . .

,
✗ m -- im }

.

E. g. [ {Xm -- im ,

- -
-

,
✗mtn-imi-nlnlA.UA/Xm=e]

So (* ) holds for any
event A.



Hitting times

it :When is the first time the process enter a certain set ?

For ACS
, Compute

12 : For A.BCS
,
AMB = find the probability

start with 02

• trivial :

• fake ie AUB ;
" first step analysis

"

:

LP / TA < te / ✗ ☐
= i ] =

By the Markov property

[ ta <TBIXOÏ , ✗ ij ] =



Hitting Times

We conclu de that

Hi ) = (** )

This gives a system of linear equations + boundary
conditions

h , ;) = {
I i
it A

O ,
it B

-

If S is finite
,
denote À ( ha ) ,

hh)
,
- -

, hast ) ) .

Then

(* ☒ ) becomes


