
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 6 is due on Friday, March 4, 11:59 PM

Today: Martingales. 
Doob's maximal inequality

@



Martingales

j-f24.LA discrete - time martingale is a stochastic process

(Xn) no which satisfis EIIXNI ] < a and

E [ ✗nti / Xo
,
. .
-

,
Xn ] = ✗ n for all nzo

-hm2 (Optional sampling theorem )

Let (Xn)no be a martingale ,
and left be a finite shopping

time
. Suppose that either

( i ) T is bounded : 7 N < a s.t.lt?fTLNJ--Ii on

(2) (✗nhr.net is bounded : J B < • s.t.pl/XnlEBforaHnsTJ-- I

Then ENT ) = Et / Xo ] .



-

Example
⇒ample 25.1 1-et (Xn) be a SSRW on 7L conditioned to

start at ✗ ☐ =j for some je {a - - -

.
N } . ( Xn ) is a martingale .

Dénote iii. = min { n'- ✗n=k } F- min {to.tn } ( shopping times ) .

We completed LPITO < tn] using the first - step analysis .

Anotherapproach : use the optionat sampling theorem
.

• (Xn ) is a martingale

• of ✗n EN for all OENET

By the Optionat sampling theorem ENT ) = Eko]=j

XT fakes two values
,
so E / Xi ] = 0.PH/t--o)+N--PfXT--N ]

so LPIXT -

- N ) = È ,
LPIXT -- o ) -- t - ¥ . Finally ,

LPIXT -- N ) -_ LPITN < to]
,
LPIXT --0 ] =P [ TOLIN ]



Example

Let Xi
.
. . .

.
Xn

,
. . .
be a sequence of i. i. d. random variables with

El /✗n / / < a ,
EIXN ]=µ for all in ,

and dénote Sn : = ✗it - - • + ✗n

and Mn : = Sn - n -

µ ,
Mo : = O

n

Then El /Mnt ] a- [ EUX il ] + n -

µ < a

l' = I

Elf Mnt, / Mo ,
. . .

,
Mn ] = Et / Mn + Xnti - µ / Mo

,
- -

-

, Mn] nz |

= Mn + E / ✗mi -µ] = Mn

Et / Mi / Mo] = ECM ,] = 0 = Mo
. (Mn ) is a martingale .

Let T be a banded shopping time for (Xn ) ( and for ( Nn )) .

Then by the Optionat sampling theorem
☐ = E- [ Mo] = EIMT ] = El ST - T -

µ] = EIÈXI ] -ME [T ]l'=\

Therefore
,
Et ÈXI ] -- µ ECT]i=i



Submartingales / supermartingales
Et /Xnl ] < on

A stochastic process (Xn ) is called

a submartingale if ENnul ✗a- - i Xn ] ? ✗ n for all n

a supermartingale if E / ✗nn / Xo ,
. .

_

,
✗ n ] c- ✗n for all n

we use (sub) martingales to establish the maximal

inequalities .
Recall the Markov 's Inequality : ta > 0

LPIIXI > a) « ELI
In particular ,

if (Xn ) is a submartingale and ✗n > o , then

for any ien PIX , > a ] ± ¥£ ± EEL

In fact a stranger statement holds
.



Doob 's maximal inequality
hm 25.3 Let (Xn) be a non - négative submartingale .

Then for any a > o

El max { Xo . . . . .tn } > a ] c- E'¥

Prix
.

Let F- min {n'- ✗n'- a } ,
a shopping time .

• Ak := {T=k } = {TEK } ) {TEK - i } is ( Xo ,
_ Xk ) - measurable

• Since ✗ n > O ,
E / Xn ] ? Et / ✗ n # {ton} ] = È E- [✗ n #

{T=k}]
1<=0

• Et / ✗n'HA"] = E- [ E. [ ✗ n # Au / Xo , _ _ . ,Xk]]=E( µ,
EIXNIXO , _

_

"
Xk ]]

Î Et / Au
Xk ] = Et #{t-kzXKJZEIH-qt-kyaJ-a-PIT.li )

• E- [ Xn] > ÊALPIFK] -- a - LPITEN ]
K=o

• Elten) - [ max { Xo . . . . . Xn } >_ a ] Ba



Doob 's maximal Inequality
Lemma 25.4 Let (Xn) be a martingale ,

and Ietf : R → IR

be a Convex function such that Eflflxn) 1) < a for all in .

Then Yn = f(✗ n ) is a submartingale .

Proot Exercise .

Corollary 25.5 Let (Xn) be a martingale ,
/et rat , a. BIO .

Then
( i ) El max { Xo

,
.
. .

.
Xn } > a) s #*÷

( ii ) Pf max { Xo ,
. .

.

,
✗ n } > a ] ⇐ EÇÈ")-

proo-f.tl rat .
then fk) = lxlr is a Convex function .

By Lemma 25.4 ( / ✗ n /
r ) is a non - négative submartingale .



Doob 's maximal Inequality
Fix a> o . If Xx Ia

,

then / ✗kfr2 ar Therefore
,

LPI Max { Xo ,
. . .

.
Xn } > a) ± tpfmax { Notr , - - - il✗ni } >_ à]

± E¥
The second inequality is proven using a similar argument .

DU

Example 25.6 Let ✗ i. Xz .
. . .
be i. i. d. symmetric Bernoulli

random variables
,
Sio

, Sn = ✗ it - - - + Xn
. (Sin ) is a martingale .

Jake (ii ) in Corolla ry 25.5 with b-_ En a = ✗Fi
,
so that

# [ ma✗ { So , . . . .sn } > ✗ rn ] < e-
ba

Eleb" ] = e-
✗ Efesnlrn ]

Now Elé"" / =/ Elle
""])

"

-

- (Ele
#
+ e-
±
))
"

→ e
"
.nu- ⇒ Elles « C

Therefore
,
for any n [ max { So , - - - .sn } > Lrh ) Eé

"

- C = o.o ,


