
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 5 is due on Sunday, February 20, 11:59 PM

Today: Kolmogorov’s equations
Poisson processes

@



Infinitésimal description
transition rates Completely determine the Markov chain

.

Q : What is the distribution of ✗+ ? Pi [ ✗ E- j ] =p, ( i.j ) = ?

Thm 19.3 1-et (Xt) to be a MC with State space Sand

transition rates qlij ) . Then the transition probabilités

Satisfy pt ( i , i )
= l - qu' Itto (t ) as 1- → o for ies

pt ( i. j )
= qliij ) t + Olt ) as t → o for i #j

Proot .

(1) ptli.it/-PifXt=i)ELPfJ , > t ] = e-
T'"+

= 1- qu' It + ☐ (t )

(2) pt / i. j ) ? qlij ) t + oct )

ptliij)
= Pi / ✗+ = ;) EPIC Ji Et , Yij , Sa > t ] -- Yij ] Pfs , ⇐ t.sc>tlyij)l =p / i.j ) ( l

- él"" ) e-"
"E-
pcij ) [ 1- ( l - qu' Itto It ) )) ( 1- qq.lt + oct))

= plij ) qlilt + Olt ) = qliij ) t + oct )



Infinitésimal description

(3) We can write ( i ) and (2) as

pt ( i. i )
± 1- qcilt t Jii ( t )

,
Çiilt ) ⇒ (t )

pt / i. j ) ? qliij ) tt { ij (t ) , Sij (f)
= oft )

Then

pt ( iii )
= t -qlilttsiilt ) + Mii ( t ) , qiilt ) > o

pt ( i. j ) = qciijlttsij (E) + pij (t) , yij (f) 20

Jake the sum
=
0

l = pt ( i. i ) + E pt ( i. j ) =/
+ l - qu

'

) + Zqliij ) ) t + Zsij + Zqij
j'+ i j # i j j

⇒ § sijltltj.ZYijltl-0-j-zyig.lt/--olt1--sV-jyijH)--o/ f)
toi

Remark-lnorde.ir to identify a Markov chain it is enough to

Compute ptliij) to first arder int as trio .



Kolmogorov 's Equations
Recall : pt ( i. j )

= LPIXT IX. =i ]
,

distribution of Xt

pt ( i , i )
= l - qu' Itto (t ) as 1- → o for ies

pt / i. j )
= qliij ) t + Olt ) as 1- → o for i #j

Def Let (Xt ) ,» be a continuous - time MC with state

spaces and transition rates [ qu'y
'

) ] i.jes .

Define the

infinitésimal generator A given by

Aij = qcij ) ,

Aii = - qci ) =
- Zqcij )

i±jjc-sthmzo.2-Letlxtlta.bea continuous - time MC with infinitésimal

generator A. 1-et Pt dénote the matrix 117 ] ij = ptlij ) .

Then ¥ 17=17 A = A Pt and Po = I

Îforward Î backwards



Kolmogorov 's equations
Priof : Fix to and h > o

. By the Markov property
• pan ( i.j )

= LPI ✗ tu IX. = i ] = Ès PfXt+h=j / ✗+ = k ] Pi Ht -- K ]

= I pt / i. k ) pnlkij )
kf5

• From the infinitésimal description

ptthlij ) = ptlij ) ( t - qljlhtolh ) ) + Z ptciik ) ( q (kj ) h + 01h ) )
K #j

• ptthlij ) - ptliij ) = [ptliij ) tqlj )) +Eg.pt/i.k)qlkijDh+o(h)--fEpi-liik)Akj)h+o(h)--lPtAJijh+o(h )
• IimPtthli.int/tli.I'-=adqfP+Iij--IPi-A7ijh-io
• Backwards equation : l-PNti-h-jlxo-iJ-ZP-Hti-h-y.tl/h--kJtPifXn--k ]

KES ton



Q - matrices and Matrix exponentiels
Let S be a finite set and letQ-lqijliy.es .

ÊQ
"

Then the Series

« = .
#

= : e
,
Series converge

• Generally speaking ,

EQ"" # EQEQZ (true if Q , and Qz commute

Thy Let Q be a matrix
.

set Pt = et
,

-1>-0
.

Then

( i ) Pstt = Ps Pt for all sit ( semigroup property )

( ii ) (Pt) to is the unique solution to the fornard equation

¥17 = PTQ
,
Po = I

( Iii ) (Pt) to is the unique solution to the backWard equation

¥17 = Q Pt
,

Po = I

(Iv ) for 1<=0,42 ,
. . . (¥)

"

/ +⇒ Pt = Q
"



Q - matrices and Matrix exponentiels
we soy that Q is a Q - matrix if

• o t
- Qii < a for all its . Qij > o for all i-tj.IQ ij = 0

je s

Thy Matrix Q is a Q - matrix if and conty if

Pt = et is a stochastic matrix for all tzo .

Three equivalent descriptions of a continuous - time MC

Let (Xt ) be a right - continuous process ons (finite ) ,
/et A be a Q- matrix
I generator

The following conditions are equivalent :

( jump and hold ) jump chain (Yn ) is a MC with p (Yij Noï ) =.

and given Yn . , -- i ,
the Sojourn Times (Sin ) satisfy Sn - Exp ( - Aii)

( infinitésimal ) (Xt) is Markov and ph ( i.j ) = Jij + Aij h + 01h )

(transition probabilities ) (Xt ) is Markov and Pt = et
"

fort> 0



Example

consider (✗e) t :O À
✗ > o

, p
> o

with 5- { ai }

÷and generator

A =/
- ✗ ✗

p
-

p
] . Compute Pt

.

p
-

p
/ [

✗ ×

/ =/
" + xp

-à -
ap• AI /

- & ✗

- tp - p
'

✗ p.pe / =
- (✗ + p ) /

- & &

p
-

p )p
-

p

• A
"
-

- C- À
-

txt p)
" "

A
,

and thus

a

✗ = .

= I + ÈÎ
,

A = I - afp ( e-
"+Mt

_ , ) #
• et A = [

t'< A
"

• PIXEL / Xo -- o ] = ¥p( | - e-
"+Mt ) . a



Example : Poisson process

qlij ) = ✗Sij
Let (Xt) be a Poisson process :

qli ) = ×
À

.
. .

O l 2 3 4 5 6

O -d d o - -
- -Pio:] # =p! ! :|Compute ptliij )

• (Xt ) is increasing ,
so pt ( i. j )

--0
, jai

'

'

-

.

• Write the forwards equation
"

¥ Pt = Pt A
" for pt ( i ,

i ) :

pt / i. i ) = [ ptliik) Aki = - dpt ( iii ) , poli . i ) = I

K

so ptli.it e-
" +
for all i



Example : Poisson process

• for c- < j pi ( i. j ) -_ È ptliik) Axj = dpt ( i. j - i ) - ✗ ptliij ) ,

poli.jt-osodptliijl-ptiiijl-dpi.li, j - i )
.

Now consider

( edtpi-li.jp/'--dedtptliij)+edtpili.j)=edtApi-liij)+pi-li.j))=edtdpi-(iij-i)

• Induction : (edtptli.in/)'--edtdpt(i.i)--d ⇒ edtptci.in ) -_ dttc

poli .it 1) ⇒ ⇒ c--0
,
thus pt ( i , in) = dtét

If Pt ( i. itk) = e-
it

,

then

(étptliiiikti )) ! Ètiptliiitk)=ÎË ⇒ Ètptliitkti ) =
Ba


