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Test Homework on Gradescope

Today: Introduction. 
Definition of Markov processes

@



Stochastic Processes

Def
.

1.1 1-et T and S be two sets
,

and Iet (R ,
P ) be

a probability space .
We call a collection ( Xt ) +et

of random variables that are all defined on the same

probability space (R ,
P ) and taken values in s

a stochastic process
indeed by T and faking values

in S . 1f F- [ 0
,
+ a)

,

then ( Xt ) , > o is ca /Ied a

stochastic process .

1f F- IN
,
then

( Xn)nen is a stochastic process .

T : index set (time )
,

S : state space



Stochastic Processes

Motivation : Mathematica / model of phenomena
that

mmaanuus.AM

+ finance

Prices
,
size of populations ,

number of particules ,
. . -



E- ✗amples

Example 1.2 11
,
✗ 2

,
. .
. are i. i. d. random variables

( real -valued ) defined on the same probability space .

Then (Xn ) ne µ is a discrete- time stochastic process .

Define

Example 1.3 s above
,

but

( Xn) :

( Sin ) :



E- ✗amples

Example 1.3 (cont . ) Sncw)

Z -

Random Walk i
-

o p r r o i i i
n
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- l -

Example 1.4
-2 -

←

• reflected RW
3-

• absorbing RW 2 -

• partial/y reflected ,

RW

O -

p I I I I I
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Discrete time Markov Chain

suppose that S is a discrete state space , and

(Xi , . . . . ✗ n ) is a collection of r.us with values in S
.

Q :

PI X , = Ii ,
✗ a = l' a ,

. . -

,
✗ n = in ]

=

=

:

=

=



Discrete time Markov Chain

Def 1.5 Let ✗ n be a discrete time stochastic process

with state spaces that is finite or countably Infinite .

Then Xn is ca / Ied a if

for each ne ☒ and each ( i , , _ . - , in ) e s
"

(M)

Example 1.2 ( Recall { Xi } are i. i.d.)
.

Suppose that S is finite or countably infinite

Then ( by independence ) Pf ✗min IX ,
-

- i
, ,

- - i.
Xn , -- in - i ]

and P / ✗min / Xn . , -- in- i ] =
,
so ( M ) is Satisfied .

PIX ,
= i

, , .
. -

,

Xn = in ] =



Discrete time Markov Chain

Exemple 1.2 (cont . ) Recall Sn = ✗ it - - - + Xn
,
so ✗n=

and thus LPIS ,
-_ ii. . -

,
5min / =

Check ( M )

Il Sn -- in IS
,

-

-
i
, , . . . .sn . ,

-

- in - i ] =

=

=

LPISn-inlsn-i.in ] =

=

We conclude that sen is



Transition probabilités .

Time - homogeneous Mc
"

Distribution
"

of a Markov chain is completely described

by the collection

Def.tl A Markov Chain is ca / Ied time - homogeneous
if for any i. je 5

i.e. , there exists a function p : 5×5 → [ 0,1] S.t.

We call IIIXN / ✗ni -- i ] the

"Distribution " of a time - homogeneous MC is

determined by the

and



Transition probabilités
1f pli , ;) are the transition probabilités ,

then

Epci ;) =
ges

DI
.

If A is an nxn matrix s.t.tl ie { 1
, -

- in }

ÎAIJ = 1
,
then A is called

j'= ,

Suppose /Ska and /et si sa Ss - -
-

si

F- ( pci.jdiy.es
,
P = sa / |'

:

Then



Transition probabilités

Example 1.7

Markov Chain on 5- {01h2 ,
- -

i N }
, , , µ . •

O l 2 3 N- I N

Transition probabilités :

if it { 1,2 ,
- - IN - I } then pcij )

-

_ {
Reflecting random walk :

Absorbing random Walk :

Partial / y reflecting Walk :


