
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 5 is due on Sunday, February 20, 11:59 PM

Today: Strong Markov property
Embedded jump chain
Infinitesimal description 

          

@



Exponentiel distribution

We write T - Exp ( q ) . Here are some properties of

exponentiel distribution

Prop 18.3 1-et T,
,

Ta
.
. . .

.
Tn be Independent with Tj - Exp ( q;)

(a) Density ftp./t)--qje-9it,EfTjJ--qj-iVarLTjJ--qj-
(b) IPITJ > sttltj > s ) = IPITJ > t ]
(c) F- minTj is exponentiel with T - Exp (q ,

+ - - - + qn ) .

Moreover

j
☒ [ F- Tj ]=q¥÷n

Proj
.

(a)
,
( b) are trivial .

(c) DIT > t ] = = =

[F-7) =P / Ta >Ti . . . . .tn >T, ] =

=



Transition rates

• Conditionet on ✗
☐
=i

,

2

Àf • Dénote pli . ;) =

4 pli , i ) =

✗
• Define transition rates

5-

qlij ) =4 - o_0

qlij ) > 0 , qliii )=o3 - ••-O •-

z - •-0

• [ qcij ) =
Exp / 9111) jl a-? •o

i
• plij ) =

J
,



Poisson process

Consider a continuous - time MC on the state space

5-- { 0,42 ,
_ . . } and transition rates

qli , l' + 1) = , qliij / = for j # it I

We call this process the Poisson process with rate d > o
.

•

start a Clock Exp ( d) .

5 •-

4 •→ When it rings ,
more up .

3 •-0

2 o_0

Repeat . . .

1 o_O

O- M M N µ

Proposition 18.5 et (Xt ) t> o be a Poisson process with rate d.

The for any t
> 0

,
conditionet on ✗0=0

,

[ ✗ t -- k ] =



strongMarkovproperty-GivenaMCCXtlts.io
,

a shopping time T is a random

variable faking values in to ,
+ a ] with property that

Thm 19.1 (Strong Markov property ) Let (✗ e) to be a continuous-

time MC with state space s
and transition rates qcij ) ,

i.je S .

1-et T be a stripping time .
For some i > o

, suppose that

PI XT -- i ] > o .

Then
,

is

a MC with the same

No prof . Strong Markov property can be used to

develop the first step analyse's .



First step analysis
For any

set Acs dénote the hitting time

TA =

• For A. BCS ,
AMB =

,
what is the probability of reaching A

before B ?

Set hli ) = Ri [ TA <TB ]
.

Then

(* ) (
Hi) = [ Ri [ Xj

, =j ] PillaitBIXJ ,

-

- j ] =
jes| sup

Pi [ TALTB / Xj
,

-
- j ] =



First step analysés
• Expected hitting time : Ei [ ta ]

Dénote gli ) : = Ei [TA ] .

Then

a-* ) {
gli ) = [ Bills , JE :[ TA / XJ ,

-

- j ] =
jes

Define Yt =
.

Then

TA = min { tzo : ✗ + c- A } =

=

E-

ftp./Xs-,--j)---sgii)=-?s9gY!Y-qli-,+gij ) ] ⇒



Embedded jump Chain

Yn
5- 5-•-Ë
4- 4- ca

3 - ••-O •-0 3- • •

2 - •-0 2- •

1 a-?
•-0 •' →

• i s
'

u

'

s

'

s
'

J
,

O
i 7

Dénote Jo -- O
,

By the Strong Markov property ,
for any io

,
. .

-

,
Ines

[ ✗ in
.
. . .

.

✗ iiixo-iol-LPIXs-n.in/Xs-n-i=in-i....,Xo--io)tPfXjn-i--in-i,...,Xo--io]

=

Dénote Yn :=
,

the embedded jump Chain of ( ✗e) tao .



Embedded jump Chain
The embedded Jump Chain (Yn) is a discrete - time Mc

MIO

with state space s and transition probabilités
TPIY , -- jl Yo

-

- i ) = [ Xs , -- j IX.
= if

What is the distribution of the time between two consecutive

jumps ? Denote by Sk : = the
{ojourn

Times
.

We know that S
,
= J , ~ .

Dénote Xt : =
.

Given

Yu. , -- in- i (and Jk - i < * ) by the SMP for (Xt ) and Jr- i , the first

jump time of It has exponentiel distribution Ï

[ À; = in) =P / Yu -_ in ) = ,
Sr

,
Yu are indep .

and indep -
of S

, , .
.

.
Si - ,

Yo
,
-- ,
YK - I

Prop .

19.2 Conditionet on Yo
,
- - -

,
Yn - i

,

the sojourn times si . . . . , Sn

are Independent exponentiel random variables with



⏰

⏰⏰
⏰

⏰
Embedded jump Chain

Jump and hold construction

• embedded jump chain ( Yn )

g
ËEwith PfYnn=jlYn=i ] = §Ë ¥

9s
• exponentiel sojourn times Sn

"

¥-5
with Sn - Exp ( q (Yn - i )) 4

9¥

• start from ✗
☐
= Yo = io

4 - o_O

• wait at i. S
,
- Exp (qlio) )3 - ••-O •-

a. $ *.

. g. ⇒ ,
,
×, = y, ÷ ,

• wait at i , Sz - Exp (qlii ))l a-? •-0

ÉÎ • 52=51+52 , ✗ jz = Yz = iz

J
, :

'

:



Infinitésimal description
transition rates Completely determine the Markov chain

.

Q : What is the distribution of ✗+ ? Pi [ ✗ E- j ] =p, ( i.j ) = ?

Thm 19.3 1-et (Xt) to be a MC with State space Sand

transition rates qlij ) . Then the transition probabilities

satisfy pt ( iii )
=

pt ( i. j )
=

Proie .

(1) pt ( i. il
= Pif ✗+ = i )

(2) pt / i. j )

ptliij)
= Pi / ✗+ = j ) E/ =

=



Infinitésimal description

(3) We can write ( i ) and (2) as

pt ( i. i )
± 1- qci ) t + Jii ( t )

,
Çiilt ) ⇒ (t )

pt / i. j ) ? qliij ) tt { ij (t ) , Sij (f)
= Oit )

Then

pt ( iii )
= t - qli ) t + sii ( t )

pt ( i. j ) = qciij ) t + Çij ( t )

Toke the sum

pt ( i. i ) + Z pt ( i. j ) =
j'+ i

⇒ ⇒ ⇒

Remark_ In arder to identify a Markov chain it is enough to

Compute ptliij) to first arder int as t → o .


