
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 5 is due on Sunday, February 20, 11:59 PM

Today: Continuous time Markov chains
          

@



Continuous time Markov Chains

Del 1-et S be a finite or countable state space .

A stochastic process (Xt )#o with state space S ,
indexed

by non - négative reals t ( in the Interval to ,
o )

,
or Ca , b ] )

is called a continuous time Markov Chain if the following
two properties hold :

( l ) [ Markov property ] Let Otto < tic . - - < tn < • be a sequence

of times
,
and /et io

,

i
,
,
. . .

,
Ines be a sequence of States

such that [ ✗+☐

= io
,
Xt

,
= ii. . . .

,
✗tn. . = in - i ] > o .

Then

[ ✗ tn -- in / Xt
.

= Io
,
. . -

,

✗tn - i = in - i ] = [ ✗tn = in I ✗ tn- , = in - , ]

(2) [ Right - continuity ] Fort > o and its ,
if ✗ + = i then there is

E > o such that Xs = i for all sect , tte ]



Continuous time Markov chains

Moreover
,
we soy that (Xt ) is time homogeneous if

(3) For any Ossetie
and states ijes

[ ✗ t -_ j l ✗ 5- i ) = LPIXT - s -j IX. = i ]

Recall that the Evolution of a Discrete time MC can be

fally described by the one - step transition probabilities

DIX
,

-

- j IX. = i ] = pcij )

For the continuous time Markov Chains we reed to know

the transition probabilities for infinite/y many times

pt / i. j )
:=P /✗t -_ j / Xiii ]

,

t > o ( transition kernel )

(for any fixed i. j pt ( i. j ) is a function oft )



Typical trajectory
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Jump times
Dénote

J
,
:= min { tzo : ✗+ =/ Xo }

Right - continuity : if Xii then there exists e >ost .

✗
s
-

- i for se [qg ,

therefore [ J
,
> o ] = /

Suppose we have been Wailing for a jump for time s ,
i. e.

,
J , > s .

Hou much longer are we going to wait ?

What is the conditionat probability of J ,
> sit given J , > s ?

Proposition 18.1 For sit > o and it S

[ J ,
> sit I Ji > s ] = EH ,

> t ]

Proie
. i -

° ¥ , j' c- {01h21
•À sj

je , je {Oil , . . , 24
-

S #É § , je {Oil , - - R
"

}



Jump times suppose ✗où
.

(1) Dénote Au = { ✗ ¥, = i for all j' c- {Oil , . . . , 2
"

}

a

Then PIJ ,
> s ] = DIM Ax ]

k = |

• Hk tjt { 0,1 ,
_ .

-

,
2k } ¥, c- [as ] ,

so J
,
> s ⇒ ✗

¥ = i

(
• " " "

"
"" "

"

" "" " " " " "
"

"" " "

right - continuous ,
there exists Eso St . tu c- [ s

'

,
s'+ E ]

Xu # i
.

Then there exists K
'

and j
'

sit
. ¥.

c- [ s
'

,
s' te ]

,

and thus Ar ' does not hold .
So

a

{ Ji > SJC { MAK }
'

K = l

(2) H KEN Aka Akt ,

For all je { 0,1 .
- -12k } XË = ✗ s¥; , = i

and zje {0,1 , . . - ,
2
" '

}



Jump times
(3) By the Continuity of the probability measure

PIJ ,
> s] = IPIÂ Au ] = Iim PIAK ]

1<=1 kf0

j
i r n r n r r p Y a t il d a n d il

#ts t stt

(4) Dénote Bk = { ✗ t.jp
-
- i for all je {ai, - - - , 2

"

}

G-- { ✗¥ =
I for all je { 0,1 , - - i. 2

"

} and

✗ s+Ë = i for all j' c- {ai . . - -12
" } }

Then BK > Brn
,
Ce > Cuti

,

and

PIJ ,
> t] = IPIÇÎ .br/=limPfBiI,-PlJiss+tJ---PftTCx)--limlP-lcu ]

Kts 1<=1 kf0



Jump times
(5) PIAK ]=(tMXç=i / Xiii ])

"

PIAK )=P[ Xo-i.X.is#i.----.Xs;I--i ]

| =P / ✗ ç÷=i / ✗ sç=i ] . - • PfXç=i / Xiii )EHo=i ]
2h

=/ RIXE -

- i / Xvi ))
(6) similarly-PIBut-fl.PH#=ilXo--i ] )

"

and

PICK ) -_ (PIX ,±=ilXo=i ])"( RIXE. -- il Xoï ])
"

(7) HK PICK] = IPCAKJIPIBK ] ⇒ King PICK ] -_ limitait / implosa]
Kia Kia

Finally LPIJ , > stt ] -- LPIJ , > SJIPIJ , > t ] Baa



Exponentiel distribution

LPIJ , > stt 1J , > s ] =P / J ,
> t ] is called the memory

less property
There is a unique one - parameter family of distributions

on ( o ,
o ) that possesse the memory less property .

Prop .

18.2 If T is a random variable faking values in (qu )

and if T has the memory less property DIT> stt IT > s ] = DIT>t]

for all sit so
,
then T is an exponentiel random variable with

some intensity q > o : LPIT > t ] = e-9T
,
tso

,
( ft (ti = qe

-9T )
Prat Dénote Glt ) = PIT> t ] and Gate "

.

Then G ( tts) = Glt ) Gts)

• 7 no sit .
G (nt ) > o ⇒ G- (1) = @ (£ ))

"

> ☐ ⇒ 3- qsos.t.GG ) = e-9

• V-nc-t-NGN-I-e-9.tn
,

Vane ☒+ G (F) = e-9¥ ( Glt ) = e- 9T forte ☒+ )
• Glt ) is decreasing ,

so if (tn)
,

(t'n)cŒ.tn/t,t'ntte-9t--Li:ze-9tn-G(t)&!i;ye-9tri--e-9t ma



Exponentiel distribution

We write T- Exp (q ) .
Here are some properties of

exponentiel distribution

Prop 18.3 1-et T,
,

Ta
.
. . .

.
Tn be Independent with Tj - Exp ( q;)

(a) Density ftj ( t ) = qj e- "it ,
EIT

,
] = qj ,

Var [Tj ]= ¥
(b) IPITJ > sttltj > s ] = IPITJ > t ]
(c) F- minTj is exponentiel with T - Exp ( git . - +

qn ). Moreover
j

R[T=Tj ] = I
q , +

- - +

qn


