
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 4 is due on Friday, February 11, 11:59 PM

Today: HMM. Viterbi algorithm
          

@



Hidden Markov Model

( Yn ) is a MC ons and transition probabilités plij )

(Xn ) is a stochastic process ( non necessarily Markov ) with

state space R and LPIXN -- x / Yn -_ y ] = eylx )

Zn = (✗ n , Yn) is a MC with transition probabilités
LPIZNH = ( x' , y

' ) / Zn -- ( xiy ) ) = pcy , y
' ) ey

' H
' )

• ✗ = (Ko
,
x, ,

- - - . ✗ n ) the observe d sequence
• y = ( Yo , Yi , - - - , yn ) the State sequence

• LPIX ] = [ ✗ ☐
= Xo

,
- - -

,
✗n -_ xn ]

• Il? / × , y ] = [ ✗☐
= Xo

,
- - -

,
XN -- XN

,
Yo -_ yo ,

-
- -

,
YN =

you]

Q : What is the probability that the hidden states

are ( Yo , Yi , _ . . yn ) given that we observe (Ko ,
x

, , . . _ ,
✗ n ) ?



The forwards algorithm

[y / ×] = Hour to efficient /y compute Pfx ] ?

• Initialization :

For yes ,
set do (g) =P /✗ ☐

= yo ,
Yo -- yo ] =P /Yo-yo ] ey. Ko)

• Récursion :

For y'as and an < N set anti ( y
'

) = ey ' Genti ) [ ✗nly ) plyiy
'

)
yts

• Termination :

[× ] -_ [ xnly)
yts

Requires OCNISP ) Operations
Q : Given x

,
find y that maximises Bly / × ]

.



Mast likely trajectory
Motivation : signal process Ing , speach recognition ,

error correct ing codes

Yn - signal (uncontaminated )

✗n - signal with random noise

Receive the sequence ( Ko ,
x , ,

_ _ .

,
✗N)

What is the best gues for the values of (yay , ,
_

, yn ) ?

MathematicaIly : Compute yE-argmaxl.PH / × ] ,
so that

y

Bly
"-

/ × ] = max Bly / × ]
Y

• y
"

aiways exists ( finite state space )
• y* is not necessarily unique



Computational complexity
Direct calculation :

• Bly / ×] for fixed y 0 / NISI
'

) opérations
• Repeat for all yes

" 151N times

• Select the maximiser

In total 0 / NISIN
"

) opérations , grows exponentiel'y in N

Viterbi algorithm :

• Récursive algorithmthat allows to Compute y*
• Complexity grows polynomial /y in N

• max Bly / × ] =#-) max LPIXIY ]
Y Y

• Define Vnly) : = Max [Xoxo ,
- -
-

,
✗n'- Xn

, Yo-Yo ,
-
- .

,
Yn - i -- yn- i

,
Yn -_y]

Yo, - - il Yn - l



Viterbi algorithm
Un /y) : = Max [ ✗0=20 ,

. . . ,Xn=Xn
, Yo-Yo , - - - , Yn-i-yn-i.tn =

y]
Yo , -- ' iyny

ES

Then max _P[ ✗ iy ] = max Vincy )
Y yes

/dea • Compute Max Pfx , y ] récursive ly
Y

• backtrack to find the maximizing sequence

[ ✗0=20 ,
. . .

,
Xn = Xn

,
Xnt , = Inti , Yo-Yo , - - - , Yn-1 = yn- i , Yn = y ,

Yntl = }
']

= [ Zo - (Koryo ) ,

Z ,
= (✗ i. y , )

, .
. . ,
Zn = (xn , y ) , Znti = (Xntliy

' ) ]
= LPIZ . = (xoiyo ) ,

Z
,
= (✗ i. y , ) ,

- →

,
Zn -_ (✗niy )) [Zntl-txnti.ly

' ) / E- Hmy)]

=P / Xo -- xo , - - - , ✗ n - xn , Yayoi . - ,Yn=y ] plyiy
' ) ey . ( anti )



Viterbi algorithm

Unt , ( y
' ) = Max Pto = Xo

,
- - -

, ✗n-ii-xn.tl ,
Yo = yo ,

. . _

,
Yn- y ,

Yntl =J' ]
Yo, - - - , y

= Max El ✗☐
= Xo

, .
. -

,
✗ n = xn

,

Yo = Yo ,
- - -

, Yn = y ] plyiy
'

) ey
' ( Kriti)

yo , - - - i Y

= ey ' (Knu ) Max / plyiy ' ) Max PFX . = Ko ,
-

,
✗n'- xn

, Yo-yo ,
- -

, Yn=y ])
Y Yo ,

- - -

i Yn- l

= ey
' Anti ) max / plyiy

' ) Vnly ))
y

This allows to Compute max PIXY ] récursive ly
Y

• Holy) = DIX . -- x . . Yo -- y ] = LPIYO -- y ] ey Ko )

• Vnnly
'

) = ey
' lxnti ) Max ( plyiy

' ) Vn ( y ) )
y

• max Elx , y ] = max Vnly )
y y



Viterbi algorithm
Backtracking : keeps track of the element that

maximises plyiy
' ) Vn (y ) :

• for g. y
' ES define Wnt , (yiy

' ) : = ey
'

tante ) plyiy
' ) Vn (y )

• for all y'as find y
that maximises Wntilyiy

'

)

Yin ( y
'

) :-. argmax Wnnlyiy
' )

y

• in particular Unity
' ) = Nnn ( YÉ /y

' ) ey
'

)

• set yà = argmaxvnly ) , yE=Yn*(ynÎ , )
y

• then mail.PHiyt-Vnlyn-J-eyilxnlmaxply.ynihn.ly )
Y Y µÊ
=

eyi-lxnlplyii.yi-JVn.ly?n-.)----...--eynttxNlplyn*-i.yùtleyéiilxnilplyùiiiynî ) . . _ eyilxilplyi.ci )



Viterbi algorithm 01N Ist )
Initialization : 151

.

Operations
For yts ,

set Holy ) =P [ ✗0=10 , Yo-Yo ] =P /Yo-yo ] eyolxo )

Récursion : 0121512N + N )
For y.y.es and 0in EN set wni-ily.gl/--Vnly)plyiy')ey'lxn+i )
Then Compute YI ly

' ) = argmax Wnnlyiy
'

)
y

set Vntily
' ) = Wnt , (Enty ' ) . y

' )

Termination :

max Pfx , y ] = max Vwly ) ,
define y = argmaxvnly )

y y y

Backtracking
For OEKCN

,
set YÉ-YÉ (YEN)

There may be more than one maximiser


