
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 2 is due on Friday, January 21 11:59 PM

Today: Positive and null recurrence
          

@



Birth and death processes ( infinite state space )

S = {0142,3 ,
_ . . }

À%
c- c- c- e-←ce pli , in) = pi , pli , i - 1) =L- piGi 92 93 94 95 96 97
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plat ) = po , ploio ) = I - po

pot [Oil]
, po = 0 absorbing , po =/ reflecting

Model of population growth : Xn = size of the population attimen

Ri [ 7h > o : ✗no] - extinction probability

il Xn → • as n → a ] - probability that population explode s

De note hli ) : = Pil 7h20 ✗ n=o] = Il? / To < a ]
,
to = min {moi. Xn -0}

First step analysis : hlo) = la
Theorem7.O-lhlol.hn ) , _ _ . ) is the { h / il = -2 pcij ) hij )minimal solution to

j=o



Positive and null recurrence

Let (Xn ) be a Markov chain ,
and Iet i be a récurrent

state
. starting from i

, An ) revisits i infinite 'y many

Times
,
Pi [ ✗ni for infinite Ig many n ] = 1

Hour often does (Xn ) revisit state i ?

( i ) After n steps , (Xn ) revisits i = E times , spend s half

of the time at i

( ii ) After n steps , ( Xn ) revisits i = Tn times ,
the fraction

of time spent at i tend to 0 as n → a
,
F- → 0in →•

Def 9.2 Le t i be a récurrent state for Mc (Xn) .

Dénote Ti = min { n> | : ✗ n -- i }
.

1f Eli ITi ] <• ,
then we call i

positive récurrent . HE
,

- (Ti) = -
,
the we call I null récurrent .



Positive and null recurrence

Renart If i is récurrent
,
then Pi [ Tic -7=1 .

But it

is Hill possible that Etti ] = • or that Etti ] < a .

Example : Yi
,
Yae AV

,

# [ Y ,
= K] -_ (E)

"

,
Ya -- 2¥

,
LPIYZ --2

"

] -_ ( E )
"

.

LPIY , < a) = LPIY, < a ] =L , El Yi ] = 2 ,
Elk ] = -

Prop 9.4 In a finite - state irredu cible Markov chain all

states are positive récurrent .

Prix
.

Fix state jes
( i ) There exist NEM and qe (o ,

i ) such that for
any its

Pi IT; EN] > q (probability of reaching j from i in the next N steps)

|
Since (Xn) is irréductible

,
Hi 7 nci ) st . pnii , ( i. j ) > 0

Jake µ = max { n' i ) : l'es } . 9 = min { pnci) ( i.j )
: l'es }



Positive and null recurrence

(2) For any its Pi [ Tj > N ] Et-9<1 . / follows from ( i )

(3) For any KEN
, Rj / Tj > (Ku) N ] E ( I - q )

" "

(SMP)

For any its IPJITJ > (Ku) N / Tj > KN ,
✗
un

-

- i ] =P,- [ Tj > N ] a- tq
.

Pj / Tj > (KH) N ] = Pj [ Tj > (Ku) N , Tj > KN ]

=iÇ Dj / Tj > (Ku ) N , Tj > KN ,
✗
en

= i ]

= ¥, Pj (Tj > (KHIN /Tj > KN ,
✗ en -- i ] D; /Tj > KN ,

✗ un = :]

c- (tg ) Pj [ Tj > KN ]

w repeat K times
.



Positive and null recurrence

(4) Ej [Tj ] = Ê
,
Pj [Tj > n] = ÊË

""

1<=0 n=kN+ ,

[Tj ? n ]

(5) Dj ( Tj > n) is decreasing with n / Tj > n ⇒ Tj > n - i

Therefore ne { KNH ,
- - -

-

,
@ + 1) N }

Rj [ Tj > n ] ± Pj# ZKN ) « (tg )
"

⇐+1)N

(6) I
n -- km ,

[Tj 2h] E N ( I - q )
"

Finally , Ejltj ] ± ÊN ( tg)
"

= ¥ < a ra
1<=0

Conclusion : All states of an irréductible MC with finite

state space are positive récurrent .



Positive recurrence and stationary distributions

hm 9.6 Le-1 (Xn) be a Markov chain with a state

space
that is couin table ( but not necessarily finite ) .

Suppose there exists a positive récurrent state ie s ,
Ei ITi ] <a .

For each state je s define Ti- l

yliij ) = Ei [ [ { ✗ni, }
]

h = 0

(the expected number of visits to j before reaching i ) .

Then the function I :S → [0,1]

Mj ) =
Xa
Ei (Ti )

is a stationary distribution for (Xn) .

Proche
.

Next lecture .



Positive recurrence and stationary distribution

Thm 10.2 Le -1 (Xn ) be a time homogeneous MC with

State space S ,

and suppose that the
chain possesse a

stationary distribution I.

( i ) If (Xn) is irreducible , then Ticj ) > o for all je 5

(2) In general ,
if # (j ) > o ,

then j is positive récurrent
.

17¥
.

( l ) Fix je 5 .

• IT is Stationary ⇒ a- = ITP = it P
"

⇒ Flj ) = I itlilpnciij ) tn
its

• IT is distribution ⇒ 7 i. ES St . Ilio ) > 0

• (Xn) is irréductible ⇒ 3- noe-N-s.t.pro ( ii. j ) > 0

⇒ a- (j ) = [ Ici) pnolij ) > Ici . ) pnoliaj ) >oies



Positive recurrence and stationary distribution

(2) Supposé that ITG ) > o and j is not positive récurrent .

( i ) En [ §
,
{✗
my

.

}] = nltlj )

| ( E, : initial distribution is IT
, P§Xo=i] = Ici ))

n n

PIÉ: ET / ¥
,

#
{✗m -j }]

= È If / ✗m -j ) = -2 Il;) = n Mj )
M= ,

m = ,

n

Denote Vnlj) : = §
,

#
{ ✗my

.

} , Tj
"
= min {nzo : Un G) = k } - time of

K-th visit to j
Tj
"

(ii ) 17f tim
K →a t

=
a ] =p

| Prof : 1f j is Transient ,
then 1ff 7k : Tj

"

= a ] =/

( visiting jonty finitely many times) .



Positive recurrence and stationary distribution

suppose that j is null récurrent . Dénote

Ty
.

"

:=Tj
""
- Tj

"

so that Tj
""

= Tj
'

+ Tj
'
+

tg
? + - - - + Tj

"

l

• tj
"

are shopping times
: ihwwihmwi:ii.
ma

• SMP impies that : : : :

:
Îj ! T'j ! TJ !

Tj
'

T
'

j
T
"

{ Tj , Tj? , .
. . } are i -

i
.
d-

, j
T
'

j

•

Tj
" have the same distribution as

I. = min { n > ii. ✗ n -j } starting from j
• j is null récurrent ⇒ Ejftj ] =

Tj
"

J' + Tj
'
+ - - - + Ij

" '

•

E- k
=

+
- Ë

• 17,1 !?•Ë=o/ = I ,
If / Iim tit

- - + tj
" "

.
= • ] SEN ,

Kao K- l



Positive recurrence and stationary distribution

( iii ) IT ( j ) = o
n

Yn (j) :=È
,

#
{Xnij }

Fix any M > 0 .

• ( ii ) ⇒ 3- NS.t.lt?-f.TjIa-M)=l-m
•
Ti
"

/NEM is equivalent to min { nzo : Vnlj )=N } a- MN

VMNIJIZN impies TJNEMN ,

therefore

Pi [ Yun (g) EN ] ED, ITJNEMN ] a- tu

• E
, IVMN ( j ) ) MNITG

'

) =

"

Ê En / Unm G) 2k ]
K =/

MN
N MN

• [ En / VMN (j ) > k ] =
-2 + [ EN +

(M -11N . # < 2N

K =\ K = | k= Ntl

• MNITLJ ) < 2N ⇒ T'j ) < £ ( for all M > o )
conclusion : ITCJ )=0

,
contra distion ⇒ j is positive récurrent .

ma


