
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 3: 

homework 2 (due Friday April 15)

HW 1 regrades: Wednesday April 13

Today: FSA for general MC

Next: PK 6.3, 6.6, Durrett 4.2
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Q-matricesandmarkovchains-ccont.JP/t) satisfies properties (a) - (d) from Theorem A.

⇒ there is a Q - matrix Q such that

Plt)= et° Pij ( h ) = gijh + och )i=j
In particular ,

Pii Ch ) = It qiihtolh )

Pfh) = I + Qh + och ) as h→o

This implies the one - to - one correspondence
between Q - matrices and continuous time MC

with right - continuous sample paths .

Q is called the infinitesimal generator of ( ✗e) too



sojourntimedescript.in/-etQ--Cqij)i.Y=obe a Q -matrix
.

Denote qi= Iqijj=i
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Denote YK :=Xwk ( jump chain) .

Then the MC with generator matrix Q has the following
equivalent jump and hold description
• sojourn times 5k are independent r.v.

with P / Sk > t I YK =i)=é9it ( Sk - Exp Cgi ) )
• transition probabilities PIYKH --j1Yk=i)= §
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Birth and death process on { 0,112,3 }

o-x.io

←É %
① =/ µ -1dam ) di

z µ ,
- (a. +µ , ) Az )3

µs -93

Expldo) ExpHitµ) Explditln) Expfu })

②→①¥-z¥
c-←←
± ±
A-Mi htµz



Generalcontinuoustimefinitestatelycs

Ratediagram Generator
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Absorptionprobabilitiesforfinitestatechains

By considering the jump chain (Yn)neo with Yn=Xwn

and its transition probabilities P(Yn+i=jlYn=i)=9g
we can apply the first step analysis to compute ,

e. g. , the absorption probabilities (similarly as for BID )

If state i is absorbing ,
then qij=o for

all j=i ( no jumps
from state i )

,
so qi=qii=o .

Let Q be given by
0 - -

- k- l K - - - N

°

70 - - -

qij
with { 0 , - . . ,k - is transient ,

i

Q= |9ij--_-9k| { K , - - - ins absorbing
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Absorptionprobabilitiesforfinitestatechains
0 - -

- k- l K - - - N Let it { 0 , - - ik -1 } , jttk ,
- - - IN } .

0 -90
: :

- - -

9ij Let M=min{ n : Ync-hki.in }}Q=Kt|9ii--_-9g| Denote ui"=P(Ym=jlXo=i ) .K

:

N
0 Then FSA leads to the system

Jump chain
N%F0z.q-eie.NU#=PlYm=j/Yo=iy---2P(Ym--jlYo--iiYi=e)P(Yi--elYo=i )f-o
e # i

= P¥¥¥;¥9÷+Pj=jf÷:¥ ee I

u.it/=-9ii+E9ie-uii1y9ie--oqiee-tiEPlYn+i--j1Yn--i
) PlYn+i=elYn=i )
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compute p(ynµ=z ) if P(Xo=i)=pi for i --0142

Denote Ui=P(YM=31Yo=i ) .

Epi =\

guo
= gtu ,

+ 5- Uz +45=9%0 / 940=60+240+4 ,
40--61--42=25

U ,
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,
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P(Yµy=3)=ÉP(Yµ=3lYo=i)P(Yo=i / = -25 -

pi
i=o i-D



Meantimetoabsorption
Similar analysis as was applied to BID processes

can be used to compute the meantime

to absorption : before each jump from step i to state j
the process sojourns q÷ on average in state i.

0 - -
- k- l K - - - N

o - q. Let F- min ft ! Xttlk ,
- -

- in } }
- - -

qij: :
: M= min { n : Yn c- 4k , - in }}Q= |9ii--_-9|: 0 Denote Wi -- ECT / Xo __i )

N
Then FSA gives
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F- min { t :Xtt{ 3,4 } }

wi=E(TlXo=i )

gwo
= § + EW ,

+ f- wz Wo = I
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Kolmogoroveguations
Jump and hold description is very

intuitive
, gives a

very clear picture of the process ,
but does not

answer to some very
basic questions ,

e. g. ,

computing Pijlt) :=P(Xt=j IX. =i) .

For computing the transition probabilities the
differential equation approach is more appropriate .

In order to derive the system of differential

equations for Pij (t) from the infinitesimal description ,

we start from the familiar relation :

chapmaogquati ( semigroup property )



chapman-kolmogorovequationpig.lt+ s) =P ( Xtts =j / ✗o=i ) condition on the value of Xt

N

= EP ( ✗++ s=j / Xo
-
- i

,
✗ + = K ) P (Xt = K IX o = i )

12=0

N

Markov = -2 Pf Xtts =j I ✗ + = K ) Pat = k 1 Xo =i )
K = O N

N

stationary = I P ( Xs =j I ✗ ☐
= K ) P ( Xt =k 1×0

=i ) = 2- Pix A) Raj (s)
K = 0
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