MATH180C: Introduction to
Stochastic Processes Il

Today: Birth and death processes.

Next: PK 6.5

Week 2:

» homework 1 (due Friday April 7)



The_ Vul.e, E)roce_ss

Seﬁinq :

Question ®

In o certaun FOFU\L&‘{:(OV\ each (ndividual

Au,r{r\j Ny (small) time (ntervol of lu\jﬁn h
cdi\les o birth to ohe new wndividuad With
Pr‘obub'tlithj jsh+o(h§, (néeFe_hdenH\j of other
members of the FDPU\\Q‘HOV\. All members of the
PoFulod'ion ive Horever . At time O the
_FoFuLQ‘\:l'OV\ consists of one tndividuod.

What s the distechution on the size of the
\DOPuLa‘tiov\ ot a j'u!eh time t(?.



The Yule process

Let X¢ , t20, be the size of the FOPU\OCHOH at time t
X°=| (S‘k&r‘k *Fr-om one common ancestor )
Com?u‘h Pald)= P(Ke=n \Xo=\)

H  Xe=n |, then du.r(nj o time intervad of length h

(@) P (Yo =1 [Xean)=
7(53 P(Xt+|,\=h \Xt=h\=
&) P -n)=
(X > PHU L X =) /o.u 0 indiv. give O births
(6) P(o births |Xe=n) = (- phe O(k\)“ _ l—hﬁhﬂj(h)
((‘*\‘(b\u(q = <><-t‘>t;a {S oo Pu.re b\\'tt\ Pc‘oc_o.SB wc"H\ r‘oChS

Pv\('l’) satisfies Hae sjs’t‘ewx ot diferential equa‘f'fons



The_ VULLQ, Proce_ss

P65 P, (o) =

Pi [6) = P, (o) =
) < =.

Ry (4) = P (o) ~

\.
The same Sjchem with  shifted (ndics
B (e) = P (4) = oith A =

R\ (t\ = Ao Ann (Bon é)\;tf -+ Ban e'_'\"t > Ao = Aa-y =

n

|
Ekn = LI:\O >\Q_—>\K BVJ\ =

Lk




The Yule Proce_ss

‘Pn(t\: >\o >\n\ ( on A;t -+ Ban —,\ht>
(s(ml)t

%7 PV \4‘ (n-Y



Gro_PhicaL rQPresen‘tQ‘tion. E;«Ponenh'al So[owrh times

An-y O An

@“@”?5\6 H S o



Pure deqth processes

Pure birth process

.An\ @)\y\

B BT BEE

What f the choun noues n tha o‘:’eosrte dicection !

CRORCHICRICR:

Pu,fe deoth Proce,SS ‘.
— ex‘:ohzm‘h‘o( Scjou.rh +times with  rates /A

L

_ on\xj he3ort1\ll Ju,m‘;s 01( W\Qjm"h)\dq ( q,uOuoeA



Pure death processe S

\n—P(vx(J(es\'Mal descrip-ls(ovn -
Pu_re, Qfe_oid\ F(‘ocess (Xt)ho o—F roCttS (/l\cy:=| (S a

conkiurows time MC ‘ta.k(hj values tn {0 Lz = Ny N
(state O is a(osorbl'nj> with s-tocl'[oharj trbinvte s tmod.
+onsition pro laa%ih'{j fonetions

@) ‘P\L‘\L_‘(‘n\: L=l,~-, N

) Peg (W) = b=ty N

)

(c) PK) (k): -&)r J>|L

S‘%oftt O Is QESbrbfhj (Po-;o)



P\M‘Q deo[b% procesd N

{ e —
N-\ —_— 9
N-2 4
w,;[ \I\‘?’V\H‘—’\Nu NQ__W\IN
Sw ' Sw- Sn-2 Sw-s N:g\

Sojourn time / jump description:
J J ) N

Pu,re eledtb\ F(‘ocess of rotes (/Jq;)[i\ IS o r\om'ncre&s(nj
(ight-continuous process 'to.\(_iv\(j values < {01, ...y N

« with Sojourh times S, S, Sy, ..o, Sw be_(nj indefznden'l'
eK.POhel/\‘HOL(- cN.S of cates /U‘,}le--‘/.{,d ond

- jU'W‘PS XWLH"X\M(:"‘\ of maswi%ud«zl



chren{'\qL equq‘hom for pure birth prO@SseS
Deftne P, ()= P( K=" | Xq= N) distribution  of X
t S‘\'Qr’(i\nj i State N

(o), (5) (<) (mFlies (check)

Pr\l({-)z for n=0-... N-\
PN,H): (note that /u°=°>

lnitiol conditions -
SO‘\!Q_ (QC&LFS(\I'Q [\1 N P'\) (t) = — PN'\ (_(,)__\, - P (_é)
General solution (assume /,l;,ﬁ})‘.

J

- ot Moo

P,\(t)‘— hit == Ann—}‘“t*’"“’AMn T L.
p f‘( 3 e >f\uﬂﬂc/w

Lk



Lin&&r AQO:t"\ Pro cesSS

Similar to Nule process :
deoth rote is PFOPO(—t(-OV\QL to thu size of the (;c,]ou(,ot('ov\

Compute RI£): - -
F o /J"|“+\'"/~*-N—0( —ﬁT
' A““zcmm TS E)T (e (NCD)! g/““”“”‘"‘)
Lek
N-n N —kat
. £\ = N. i | _ .
()=« e LT \L2=:n ENECONCAN) b gJ_k.n
o ey M b=
n\ ro J‘ (N-n-p"
I Nl —nat N-n ( -4t :)( N( gt | N-h
o e 2 g € ) S & (R



(V\krprz-l:a{\'on of Xi~ Bin(n, C-U:>

Consider thy 'Pollouoinj chnss:l_e‘c €. (=t--N, be

.¢d. cvs, %i ~ ExP(eﬂ, Denote bj Xe the number

of 3;’5 thot are lg(rjcj<r thon t (\‘S.‘ is the Lfetime

of an (ndividual | X, =size of thw Foq;tbla'h'oh at £). X .= N.
Then: §, ~ , (ndependaent

Ly (Xt)tzo s o pure death procass
Probobility that wn individual

survives to time T s

e Probability that exactly n

mdividua s survive o £lme £ s

* Y _ N-"N
S, W15, Wi s, Ws ('I’\)em(\-‘é*) = P(Xe=n)

- W




E xoem Ple - Cable

Xt = nembec of -Fibers tn e coable

H o fiber fails Cdhen this increases
Hu (oad on The ﬂahnodniv\j ‘F\'bw,
which reswlts (n o shortar
fetime.

(N puare deoth procass.




B (‘b"\ ond  death PrOc,esses

b‘rt{'\ Y'Qt?

QI | - Baa

B\'fd\ and Q(eofd/\ FroceSSes



lnfinitesimal definition

Dﬁf_ Let (Xe)ezo be o continuwews time MC | Xeedo2,-.]
with S&oc(fionarj +ransition Prol:abH(‘t(es. Then
O(Qua is caled o birth and dedth process Wi th
bicth rates (Ae) and decth rotes (/ua_) ot

(. Pm'ﬂ (h) =

2. P t-c(h) =

3. Poi (W = Anum

b Pgle) = ( P(Xe=} lXo=()={ ) I(.L (i—fj' >

S. Me=0, As>0 )\;.fx;>o



Example: Linear growth with mefﬁro't[om

Djnmwv'\cs of o certaln PoPuLu‘Hoh IS described bj the
{o\lowinj Pr‘inc(F(es:
dwrCV\B any small Pe.r‘ioé of time of lehjﬂ\ h
- each (ndividucl S'N-QS birth To one new member yith
Pf‘obabi((Jc\J Cnée\aevquen‘\'(\j of other members;
- each (ndividucl dies with Probabllﬁ-«?
(ncle\;enelev\-(hj of othec members:
-~ one externol member joLV\S the Fof:ulq‘t(on
Lrth Frobmbi\(’t\j

CQ_V\ EQ madeled as o Mo lzov P(‘ocess



Example: Linear growth with (mmigration O

Let (Xt)tza dendte the size of 4l FoFulo«"Hoh_

Us(na a similar ou'jumen{’ as for the \/u.le/,sw"z death
model(s

N Pn.n+\ (k\=
® Pr\,n-l(hw =
« Bw (W)=

L, birth and decth process w th
A =

o



Alernotive ("uuv\P and hold) charactkrzation

)VI'H

@m

Sojou.(n +1meg S\L a.re Cnc‘e?ender&,

Each “ransition has “wo Pachs
- NOL(‘% in stote %r time  ~

— then choose where *o go:
30 >@ with Frobab\ v Jr‘j T

30 @(_\ wl'ﬂ! FOBO\B‘\H‘j ———*——'




