
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 2:

homework 1 (due Friday April 7)

Today: Birth and death processes.

Next: PK 6.5

O



theyuleprocess
Setting : In a certain population each individual

during any (small/ time interval of length h

gives a birth to one new individual with

probability ph + 01h ) , independently of other
members of the population . All members of the

population live forever . At time 0 the

population consists of one individual .

Question: What is the distribution on the size of the

population at a given time t ?



Theyuteprocesse
Let Xt

,

too
,
be the size of the population at time t .

✗0=1 ( start from one common ancestor ) .

Compute Pitt)=P(Xt=n 1×0=1)
If Xt=n

,

then during a time interval of length h

(a) P( ✗+ +h = htl I Xt=n ) =

> (b) P(Xt+h=nlXt=h ) =

( Ic) P(✗++ h > htl I Xt=h) = ←
all n indiv

. give 0 births

(b) Plo births lXt=n) = 4- ph -101h ))
"

= 1- nph + 01h )

(a) , (b) , (c) ⇒ (Xt)t, is a pure birth process with rates

Pnlt) satisfies the system of differential equations



theyuleprocesspi.lt
)= Pilo )=

Elt) = Palo )=

1*1 : :
: I

f.PT/t1= Pnlo)=

: :

The same system with shifted indices

Pitt)= II. (f) = with An __

Pnlt)= do . .

.int/Bone-Htt-.-+Bnne-dnt)do---dn-i-Bkn=M'-Bkn-e--
① he - dk

1=112



theyuleprocesspr.lt/=Xo--.dn-i/Bone-Ht+-.-+Bnne-dnt )
(1)

K

= É µ n !gg.

e-point

K = 0
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Puredeathprocesses
Pure birth process

do ✗ , ✗2

FETE. . .

What if the chain moves in the opposite direction ?

⑦ ?⃝ ?⃝ ?⃝ - - - ①

Pure death process :

- exponential sojourn times with rates µi
- only negative jumps of magnitude I allowed



Pure deathpro

lnfinitesimaldescriptioni .

Pure death process (a)to of rates (µk)Ñ= ,
is a

continuous time MC taking values in { 0,112 , -
-

,
N - 11N }

(state 0 is absorbing ) with stationary infinitesimal

transition probability functions

(a) Ran , ( h ) = K =L ,
-
-

,
N

(b) Pkk ( h ) = ,
1<=1

, - - - ,
N

(c) Pkj (b) = for j > K .

state 0 is absorbing (90--0)



Puredeathprocess →
N- l -

y -

Sk - Exp /Mk )
→

'

'

-

.

.

.

.

.

→

ÉÉ

←wi-Wz→WT>Wu WINN
Sn SN - l Sn - z SN-3 5,

sojournti.me/jumpdescription:-

Pure death process of rates (µk)Ñ= , is a non increasing
right -continuous process taking values in { oil

,
-
- - in }

• with sojourn times 5,52 , 5s .
. -
-

,
5N being independent

exponential r.us of rates µ , ,µz ,
-
- few and

• jumps Xwi+ , - Xwi = - l of magnitude I



Differentialequationsforpurebirthp.ro#
Define Pnlt ) =P / ✗+ =n IX. = N ) distribution of Xt

e starting in state N

(a) ,
(b)

, (c) implies (check )

Jpn
'

/f) = for n=O - - - N- 1

( note that µo=o )/ Pritt )=
Initial conditions :

solve recursively : PN (t) = → Pn - i (f) → - - - → Po (f)

General solution ( assume µi±µj )
N

Pnlt)=µn+ ,
- -

-

ten /Annétmtt - -
- + An ,néMt ) ,

Ann__Mµ¥
e- n

etk



Lineardeathprocess
Similar to Yule process :

death rate is proportional to the size of the population

compute Pnltl : •

µn+ ,
- . - -

pen
= an

- "

N,÷
N { Me -µk= all - K )

• A,<n=Mµ¥=ñ¥☒!¥!
e- n

etk

• Pnlt)=Ñ"Nn÷ . ¥ ÉneyµµT - e-
"t

{ j -- k- n
k=j+n

= '¥¥inétj ! In - n - j ) ! N-h

=N÷némtÉ¥fe-dtj-nn.tn#y.e-ndty-ett)j=o



lnlerpretationotxt~Bincn.it#
Consider the following process : Let { i. i=1 . . . N ,

be

i. i. d. r.us
, Gi - Exp (d) . Denote by Xt the number

of { is that are bigger than t ( Yi is the lifetime

of an individual
, ✗+ = size of the population att ) . ✗ ☐

= N .

§?# lifetime Then : Sk -
, independent

↳ (Xt )to is a pure death process

Probability that an individual¥ survive , to time + is

;µ | ×, pn.ba , , , ,, ya, exact ,, n
I

°

individuals survive to time t is

(F) e-
•try , - E)

""

=P (Xen )



Example.cat/eXt-- number of fibers in the cable
If a fiber fails

,
then this increases

the load on the remaining fibers ,

which results in a shorter

lifetime
.☒- ↳ pure a.aa.p.ae,



⏰ ⏰ ⏰ ⏰ ⏰

⏰ ⏰ ⏰ ⏰

Birth and death processes
Éthto

FETE. . .

① ① ?⃝ ?⃝ - - - ①
a- a- a- ← -←

µ ' µ µ } Mn-1 µn
t death rate

combine both

-

Birth and death processes



lnfinitesimaldefinition-D-ef.LT/Xt)tzobe a continuous time MC
,
✗c- c- { 011,2 , - . .}

with stationary transition probabilities .
Then

t)t±☐ is called a birth and death process with

birth rates (AK ) and death rates (Mk)
if

1
. Pi .it , ( h) =

2
.

Pi
,
i- i 1h ) =

3
.
Pi

,
i 1h ) =

4. Pij lol = ( P / Xo=j / ✗ ☐
= ; )={

1 it i=j
o if i=j )

5
. µo= 0 ,

do> 0
, di.fi > 0



Exampleihineargrowthwithimmigration
Dynamics of a certain population is described by the

following principles :

during any
small period of time of length h

- each individual gives birth to one new member with

probability independently of other members ;
- each individual dies with probability
independently of other members ;

- one external member joins the population
with probability

can be modeled as a Markov process



Exampleilineargrowlhwithimmigration •

Let (Xt )to denote the size of the population .

Using a similar argument as for the Yule /pure death
models :

• Pn.nu/h)--

• Pn in -1 ( h) =

• Pnm ( h) =

↳ birth and death process with

An =

Mn
=



Atijumpadhdcharacterization •

. .

- - - ← -
←

<-µ÷
-

MO MI M2 µ} Mn- l µ"

sojourn times 5k are independent ,

Each transition has two parts
- wait in state i for time -

- then choose where to go :

go
→ with probability -+

go
with probability _+


