
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 1:

visit course web site
homework 0 (due Friday April 1)
join Piazza

Today: Birth and death processes.

Next: PK 6.5

:



Birthprocessesandrelateddilferentialequatipr.lt) satisfis the following system
of different ianeqs . with initial conditions

Pélt ) = - d. Polt ) Poto) = I

P,
'

(t ) = - di Pitt ) + do Pott ) P, (a) = 0 =P / ✗ ☐ =L )( p ! /f) = - d > Patt ) + di Pitt ) Pa (o ) = 0 =P / ✗☐
= 2)

(*)
:i./pn ' (t) = - dn Pnlt ) + tn - i Pn- i It ) "

Pn ( o) = O

i:

Solving this system gives the p.mil . of Xt for any t
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sdvingthesystemofdifferentialequationscfP.lt) = - do Polt ) ,
Polo) =L
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sdvingthesystemofdifferentialequationscpr.lt)
,
n > I
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Generalsolutiontolx-JAo.su
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Descriptionofthebirthprocessesviasojournti.me#t--
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Wi - i- th " birth time " si _
"

time between (i- i) -th birth and i -th birth
"

i- i

Wi = -2 Se ↳ sojourn times
1=0

Alternative way of character izing (Xt ) t :O :

-
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Descriptionofthebirthprocessesviasojourntirf.TK
eurent
_

et (dk)# o be a sequence
of positive members

.

Let

(Xt) + > ☐

be a non - decreasing right - continuous process ,
Xiao

,

taKing values in {0.1.2 - - . } .
Let ( Sili» be the Sojourn

times associated with (✗e) t > o , and define We = Ësi
.

l'=D

Then conditions

(a)

(b)
are equivalent to
(c)



Explosion ii.
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population becomes infinite in
finito time

Third
.

1-et (Xt)t > o be a pure
birth process of rates (die) Kao .

Then
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Puredeathprocesses
Pure birth process

do d , ✗2

FEE . - ËËËT
What if the chain moves in the opposite direction ?

⑤ ! ! - - - ①

Pure death process :

- exponentiel sojourn times with rates µ.

- only négative jumps of magnitude I allowed



Pure deathpro

Infinitesimaldexripti .

Pure death process (✗e)+> o of rates fer )Î= ,
is a

continuous time MC faking values in { 0,42 , -
-

,
N - i , N }

(state O is absorbing ) with Stationary infinitésimal

transition probability functions

(a) Pkk- , (b) = K =L ,
-

,
N

(b) P
," (b) = ,
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, - - - ,
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(c) Raj (b) = for j > K .
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-

- o )



Puredeathprocess N-

N-l -

f -

Sk - Exp (Mic )
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sojournti.me/jumpdescription:-

Pure death process of rates Ipek )Î= , is a non increasing
right -continuous process faking values in { Oil

,
-
- - in }

• with Sojourn times si , G. 5s ,
- -
-

,
5N being independent

exponentiel r.us of rates µ , , µ , ,
-
- few and

• jumps Xwi" - Xwi = - I of magnitude l



Difterentialequationsforpur-cbirthprocessesdefi.tn
e Pnlt ) =P / ✗+ = n IX. = N ) distribution of Xt

î starting in state N

(a) , ( b) , (c ) impolies (check )
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Initial conditions :

solve récursive /y
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Lineardeathprocess
Similar to Yule process :

death rate is proportionat to the size of the population

Compute Pnlt ) : •
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lnlerpretationotxt~Bincn.ee#)-
Consider the following process : 1-et { i ,

i =L . . . N
,
be

i. i. d. r.us
, Gi - Exp (x) . Dénote by Xt the number

of { is that are bigger than t ( ti is the lifetime

of an individuel
, ✗+ = size of the population att ) . ✗ ☐

= N .

§?# lifetime Then : Si -
, independent

↳ (Xt )t > o is a pure death process

Probability that an individuel
survive , +☐ time + i ,

{µ | ×, paga , , , :p, ya, yay ,
, n

l
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individuels survive to time t is

(f) e-
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Y , - êt)
"- "
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Example.ca#

✗t = number of fi be rs in the Cable

If a fiber faits
,
then this Increase

the load on the remaining fiber ,
which result in a Shorter

Lifetime
.- ↳ µ .. a.
* p.ae,
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Birth and death processes
Ëtt

FETE . .
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µ ' µ µ } Mn-1 un
Î death rate

Combine both

-

Birth and death processes



lnfinitesimaldefinition-D-f.LT(Xt) t> o be a continuous time MC
,
✗c- c- { 0,42 , _ . .}

with stationary transition probabilités .
Then

(Xt) ☐
is called a birth and death process with

birth rates (Xx ) and death rates (Mic)
if
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Exampleihineargrowthwithimmigration
Dynamics of a certain population is described by the

following principes :

during any
small period of time of length h

- each individuel gives birth to one new member with

probability independent'y of other members ;
- each individuel dies with probability
independent ly of other members ;

- one external member joins the population
with probability

Can be mode Ied as a Markov process



E×ampK:Lineargrowlhwithimmigrat •

Let (Xt )+» dénote the size of the population .

Using a similar argument as for the Yule /pure death
Models !

• Pn.nu (b) =

• Pn
, n
- i ( h) =

• Pnm ( h) =

↳ birth and death process with

ln =

Mn
=



Aternatieljumpandhdcharaclerization •
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Mo µ , Mr µ, Mn- i µ"

Sojourn times Sk are independent ,

Each transition has two parts
- wait in state i for time -

- then chose where to go :

go
→ with probability q

go
with probability -+


