
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 1:

visit course web site
homework 0 (due Friday April 1)
join Piazza

Today: Birth processes.
Yule process

Next: PK 6.2-6.3

:



continuoustimemarkovchainsdef-CDiscrete-ti.meMarkov chain )

Let (Xn)n» be a discrete time stochastic process faking
values in 2-

+
= { 0 , 1,2 , . . . } (for Convenience )

.
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Dej ( Continuous -time Markov chain )

Let (Xt )t > ☐
= (Xt :O Et < • ) be a continuous time process

faking values in Zi. . (Xt) t > o is called Markov chain if

for any ne #
,
Otto < tic - i - < tn- i < s ,

t > 0
,
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o

,
i
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,
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.
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(*)

P / ✗si-t-jlxti-i.it/ti-ii.---,Xtn-i--in-i,Xs=i)--P(Xs+t--jlXs-- i )



Transitionprobabilityfunctiononewayofdescrib.in
y a continuous time MC is by

using the transition probability functions
.

Det
.

1-et (✗ +)t > o be a MC
.
We call

P / ✗ si- + =j / Xs = i ) ,

i. je { 0,1 , _ _ . } ,
s > 0 ,
t > o

the transition probability function for (✗e) tao .

1f PIX#=j IX. = i ) does not dépendons , we soy

that ( ✗e)to has stationary transition probabilités and
we define Pij (t ) :=P / ✗si-t-jlxs.it (=P / ✗+ = ; IX. = i ) )

[ compare with n - step transition probabilités ]



characterizationofthepoissonprot.im
e

Expériment : Count events occurring along [ 0
,
+a) {or I-D space

y t
t

Dénote by N ( (a. b]) the number of events that occur on Ca , b]
.

Assumptions :

l . Number of events happening in disjoint interval s are independent .
2. For any

to and h> o
,
the distribution of N ( (t.tt h]) does not

depend on t ( only on h
,
the length of the interval )

3.There exists d> os.t.PL/V((t,t+hJ)--l)--dh+o(h) as h → o

( rare events )

4. Simultanéous events are not possible : PIN ( (t.tt h ]) > 2) = 01h) ,
ho

ffh) = 01h ) if Iim = o

hui o



Transitionprobabilitiesofthepoissonproess
Let (Xt)t > o be the Poisson process .

Define the transition probability functions

Pij (h) := P ( ✗t+n=j / ✗t = i )
,

i. je {0.1.2 .
. . . } ,

t > 0
,
h > 0

What are the infinitésimal (small h) transition probability
functions for (Xt)+⇒ ? As h→ 0

,

Pii (b)=P /Xtth -- il ✗+ = i )
=

✗t -
✗ °

=P / ✗t.tn - ✗ + = o / ✗+ = i ) =P / Xtth - ✗ + = o ) = t - ✗ h + och )

Pi .in/h)=P(Xt+h=itllXt=i)=P(Xt+h-Xt=l)--dhto(h )

[ Pij th ) = 01h )
j # { i. l'+1}



poissonprocessandtransitionprobabili-Tosumupi.lt)t > o is a MC with (infinitésimal) transition

probabilités satisfying
Pii ( h ) = 1- dhtolh)

Pi.in/h)=dh+o(h )

[
je { i.it ,}

Pijlh ) = o ( h )

what if we allow Pij ( h) depend on i ?

↳ birth and death processes



purebirlhprocessesdef-l-etldk.lk
> o

be a sequence
of positive members

.

We define a pure birth process as a Markov process

(✗e)+ so whose Stationary transition probabilités satisfy

'
. PK.ru/h)--dkhto(h )

2. 17.x (b) = l - dich + 01h ) as h → o

3. Pkj (b) = O for jck
4. ✗

☐
= 0

Related model . Yule process : du -- pk for some p > O .

Describes the growth of a population
- birth rate is proportionat to the size of the population



Birthprocessesandrelateddilferentialequati.NO
w define Pnlt) =P / ✗+ = n ) .

For small h> o

Pnltth) =P (✗++h = n) = È P ( ✗++ h = n I Xt -- K) - P ( ✗ + = K )
K= 0

= Ê Ranch) . Pk ( t )
K= o

n - Z

= Pnm (h) . Pn (t) + Pn - i. n ( h ) Pn - i ( t ) + E Run (h ) Pelt )
K = 0

= ( I - Anh ) - Pn (t ) + dn.it - Pn - i ( t ) + 01h )

= Pnlt ) - Anh Pn ( t ) + tn - i h . Pn - i It ) + 01h )

Pnlt -1h) - Pnlt) = - dnhpnltltdn.ph Pn - i It ) + 01h)

Rit) = Iim ÉPI = - in Pnlt ) + dn - i Pn - i (t )
h→ o



Birthprocessesandrelateddilferentialequatipr.lt) satisfis the following system
of different ianeqs . with initial conditions

Po
'

(t ) = - do Polt ) Poto) = I

P,
'

(t ) = - d
, Pitt ) + do Polt ) P, lo ) = o(Pitt) = - Xa Pa It ) + di P, It ) Pa (o ) = o

(*)
:

Ï :(Pitt) = - dn Pnlt ) + ✗ n - i Pn - i ( t ) Pn ( o) = O

i:

Solving this system gives the p.mil . of Xt for any t


