
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math.ucsd.edu/~ynemish/teaching/180cB

Week 10: 

homework 8 (due Friday, June 3)

HW7 regrades are active on Gradescope until June 4, 11 PM

homework 9 and solutions are available on the course website

Today: Brownian motion

Next:-
CAPES

:
•

OH : M 6- 7 PM ,
T 5- 7 PM , APM 5829



r

RefIectedBM_

Det
.

Let (Bt)t≥ , be a standard BM . The stochastic

process S Be ,
if Bt ≥ ◦

Re =/Bt / =L - Bt , ,
if Bt < 0

is called reflected BM
.

Think of a movement in the vicinity of a boundary .

to •

Mt. E- (E) = / bet¥, e- ¥dx=2 - f ≥ dx=¥F
- a

Yar (Rt) = ECBÉ ) - 4=(113+11)? t - ¥ = ( 1- ¥ )t
Transition density : P( Rt ≤ y / R◦=x)= Pfy ≤ Bt ≤ y lBo=x )

=

.
!¥+ds ⇒ Pta .yi=¥i( e-

':#
+ e-

'¥7)
Tfc ( Levy ) Let Me -_ max Bu

.

Then ( Mt - B-c)+≥, is a
◦≤ u ≤ t

reflected BM .



Reflected BM

Ahhh



Brownianbridge
Brownian bridge is constructed from a BM by

conditioning on the event { 13101--0113111=0 } .

(BI )oet ' '

Ammann
Thm_ I. Brownian bridge is a continuous Gaussian process

on [oil] with mean 0 and covariance function

1- Is .tl = mints .tl - st



Brownianmotiunwithdrift

Det Let (Bt)t≥o be a standard BM
.

Then for MER and 5>0
the process (✗e) t ≥ , with ✗ + = get +5 Bt ,

t ≥o

is called the Brownian motion with drift µ
and variance

parameters?

Remarks BM with drift
µ and variance parameter is

a stochastic process (✗+)t ≥ , satisfying
1) ✗0=0 ,

(✗ f) t ≥ , has continuous sample paths
2) (Xt )t≥o has independent increments

3) For t's Xt - Xs - N / felt
- s ) ,
(t -

s ) )

In particular , ✗+ - N(µtit ) ⇒ ✗ + is not centered .

not symmetric w.it . the origin



Brownianmotiunwithdrift

µ = - 0.5

62=4

a
- - - - -

- b - - - -- -
-



GambtersruinproblemforBMwithdri.tt
Let (Xt )t≥◦ be a BM with drift MEIR and variance

parameter Ño .

Fix acxcb and denote

F- Tab = min { too : ☒
+
= a or ✗+ = b } , and

ulx) = PC ✗+ = b / ✗ ◦ = >c) .

theorem.

um)=
exp C- 2MHz ) - expf-2.ua/s2 )

( i )

exp /-29bar
'

) - exp / -2µA 152 )

( ii ) E(Tab IX. = >c) = f- ( ula ) ( b-a) - (x- a) )

Nopr

(uH=! )E for SBM



Exampte
Fluctuations of the price of a certain share is modeled by
the BM with drift µ

-
- Ho and variance 02--4

.
You buy

a share at 100$ and plan to sell it if its price increases

to 110$ or drops to 95$
.

(a) What is the probability that you will sell at profit ?

(b) What is the expected time until you sell the share ?

Denote by (Xt)# ◦ a BM with drift ¥ and variance 4
,

✗ = 100
,
b= 110

,
a = 95

.

Then 2 µ /62 =Z = ¥ and

e-
É ' '◦ °

- e-
É ' 55

(a) PC ✗1- = 110 1×0=100) = g-
≈ 0.419

(b) E (T 1×0=100 ) = ¥ (0.419 (110-95) - (100-951) ≈ 12.88



Maximumofabtlwithnegativedrift

Thy Let (Xt)+≥o be a BM with drift
µ
-0
,
variance

and ✗◦ = 0 . Denote M= max Xt . Then
t ≥o

M - Exp C- Zee /E)
.pro#.Xo--O ,

therefore M ≥o
.

For any bso

PCM > b) = PC
,

{ ✗ hits b before - n } )

= lim P ( ✗ hits b before - n )
n → A

2hm /82

= him =¥, , = e-
2%82

n → a e-
2 blew

- e

PIM > b) = e-
+ ↳* ) b

⇒ M - Exp (-2%2)
Bea



Geometrician

De± stochastic process ( 2-e) t ≥ , is called a geometric
Brownian motion with drift parameter ✗ and variance 02

if ✗ + = log# + ) is a BM with drift µ
-

_
d- £02

and variance 52
.

(d- €62 )t +5B£
In other words

,
Zt = 2- - e

,
where (Bt)t≥ , is

a standard BM and Z > 0 is the starting point Zo -
- z

.

H - E) (ti - ti - 1) +G(Bti - Bti _ , )If ◦ ≤ t.it , c- . - < tn
,

then Z
= e

Zti- i

since B has independent increments

are independent and
É÷ -¥; . - - .

2¥
Ztn-1

"

relative change of price =

Zz¥÷=¥ ' -2¥
.

' " - •
¥ ←

product of indepentent relative changes
"

Zntn
- I



Expectationol-GeometricB.lu/-et(Zt)t
≥,
be geometric BM with parameters ✗ and 5

.

Then
@ -

t.si/tE(ZtlZo=z)--E(z.e" - ≤ > + + • Bt

) ⇐ ze E(e◦Bᵗ )

E(e°Bᵗ)=e¥
⇒ E( Zt / Z◦=z)=ze¢

- ±")ᵗeᵗÉ= zett

Rema

It can be shown that for ◦ < ✗ < £52 2-
+
→ 0 as 1- → •

At the same time , for ✗ so E /Zt ) → • .



VarianceofgeometricBMECZEIZ-o-zj-ECze.lt/=E(z-ec" - )ᵗe2•Bt )
= zze(

2h - )te2t = zz@22 1-
+ t

Har /Ze / 2-◦ = z) = z2e2✗ᵗ
+ ◦%

_
z2e"ᵗ= z2e2dᵗ(et, , )

theorem
.

Let (Zt )t≥o be geometric BM with parameters ✗ and
.

Then
C) E / Ze / 2- ◦ =z)=zéᵗ

Iii ) Var / 2- c- I 2- ◦=z)=z2e"ᵗ(eᵗ - 1)



Gamblerisruinforgeometric.pt
Let (Zt )t≥o be geometric BM with parameters a and

.

Let ALKB
,
and denote F- min { t : 2¥ __ A or 2¥ __ B } .

Theorem 1- *
" ¥

- P / -2¥ -_ B) = É¥

Exampte Fluctuations of the price are modeled by a

geometric BM with drift 2=0.1 and variance 02=4
.
You buy

a share at 100$ and plan to sell it if its price increases

to 110$ or drops to 95$
.

Take A = 0.95 , 13=1.1 ,
22/62=2-10

,

I _ 2%2=2%-0.95
1- 0.950.95

PC ✗1- = 110 1×0=100) = i-s.g.si ≈
0.334


