MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1-8.2
Week 9: : CA PES

» homework 7 (due Friday, May 27)
» HWS6 regrades are active on Gradescope until May 28, 11 PM

» Friday May 27 office hour: AP&M 7321



Brownian motion - Definition

Def | Brownian motion with diffusion coefficient 6% s
o continwous time stochastic procass (®)se
Su’c(S'ﬁj(hj
(i) Blo)=o, B) is contimous as a function of +
(1) For all ogseteee BEY-BE) (¢ a Gaussian random

Vonable with mean 0 and varmance 8'(t-s)
(i) The increments of B ace independent « i o=toctie-- <t,
thew [ B()- E({c-\ﬁ-:‘ ose ivxéePev\Jevx’c (Gamssian) r.v.s.

L

S =\ & standacd BM



BM as o Gaussion peocess

Def . Stochastic process (Ae)eso 1s called o Gaussian procss
o Lor any Oct,ct, ¢---¢tn
(Xe, o, Xen) is o Sowssian vecior | or eTu(\n»leij
for any G CnelR
CR(4C Kyt -+CnXn 1S & Gamssion (V.
Recall thai the distribution of o Gowussion vector is

u\\r\'\jue((j defined (07 ts meoin and covoriance mateix.

S(M-\\Qdkj, E’_Qc(l\ G&USS“QV\ P(‘Ocess (S un\'ﬁuel\j d{jcr[bed bj
P(():E(Xe) ond r<S {\ Co\;(XS X{:)70

L covariance —Fumd:toh



BM as o Gaumssion process

Dro?os('t(ov\ BM is o Goussian process wth

/«lk) =0 ond  T(s8) = min{s.t) = sat
1,
P("OO{'_ ]-'—or O_V\\j ‘O&{,\é tre---¢ f:y\, Bt"Bt- ofe ['ncLeF
Gaussian, thuy n ‘_n&%
2 CiByi= ZC Z_(B-E'B’c =2 Z.Ci(Byay)
s (=1 J=| JT—I L=

\S C,JJSO Gmssfo.v\,

E)j definition f.«(’c\=E(Be)=o o Lebt sed

Thewn [(st)V= Cov (Bs, Be)
= Cov( B B~ (Bt-Bsﬂ
= Cov (Bs, Bs) + Cov (Bs, Be-Bs)
= S$+0 =25=mmn {s.4] =



Some properties ot BM
Propos(iioh. Let (Belao be oo standard BM. Then

() For ony s>o0,the process (Bavs-B t20) is oo BM
\r\de\)endevﬁc of (Buw, 0gass) .

(i) The process (-By t20) is o BM

(iii\ For any C>o ('U/\{ process (CBi \tgg> is o BM

(V) The process (XQQQ de{ined bj Ko=o , X¢=tBr  for t2o

s o BM,

Proof (1) Define  Xi= Bias-Bs, Then Ko =0, X . K = By -By,

= indepandent Gowssion increments, B (X, - Xe) =0, Var (K- X )=tet,
(K)es, has continuous paths => (X{-_)tzo s o BM

(\\1) Xt s Gaussion, ‘Fof sct CQV(5P>% ( t Btj =st min{élé % =S
P(‘o:;g- ot Um}t*—o is wore fechnical, thuws OM'\&QA. )



Construction of BM

BPM con be constructed as o Lmit of ProPeHj

cescaled condom woalks

et {%u']:_ be o beciuehce of (dd rwvs E(g) o,
\/Qf(%f\T §%¢w  Denote Z'EK and define

n \
Xt S sm (Scmq + (“Jt“[”J‘])%(nnH)

/\x:

=L e 2
n t"h t"n

.t

Theorem (Donske ) (X:}Qo converges n diste butio

fo  fhe stondacd BM.



