
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math.ucsd.edu/~ynemish/teaching/180cB

Week 8: 

homework 6 (due Monday, May 16, week 8)

Midterm 2: Wednesday, May 18

Today: Martingales

Next: PK 8.1

•

• OH Tuesday ,

3- 4:30 PM at APM 7218



Martingales

Definition . A stochastic process (Xn .
n ≥ o ) is a

martingale if for n = 0.1
, _ . .

(a) EH Xnl ) < - tn

(b) E ( ✗nu IX. , Xi . . . . . ✗ n ) = Xn

After faking the expectation of both sites of ( b )
we get that

E- ( ✗nn ) = E ( Xn )

(Xn)
n ≥ ,

is a martingale ⇒ E ( Xn ) = E ( Xo ) tn

• submartingale : E ( ✗nn / Xo
.
- -

,
✗ n ) ≥ ✗n ( Increase )

• supermartingale : E ( Xnti / Xo . . _ . . Xn) ≤ ✗n (decreases )



Examplesofmartingale.li) Let X
, ,
Xz

,
_
. . be independent RV 's with E (Hkl )

"

and E ( Xx) - O . Define Sn=X ,
+ - - - +Xn

,
50--0

.

Then E ( Snu / So
, . . . .sn ) = E ( Snt ✗nn l Soi - - - .sn )

= E (Sn Iso , _ ,
Sn ) + E ( ✗ nti / So . . _ . .sn )

= Sn + ECXNÏJ = Sn

⇒ (G) n ≥ , is a martingale with Eton ) = E (So ) _- o

(Ii) Let ✗ i
,
X2

.
. . .
be Independent RV with Xx > O

,
E (1×14)<0

and E (Xx) =L . Define Mn = X , X2 - - - Xin
,
Mo =L

.

Then E ( Mnt , / Moi - - .

.MN/--E(Mn.Xn+ilMoi--.Mn)--Mn-E(Xn+iIMo,-..Mn)--Mn.E(XNÎ
'

) = Mn

⇒ (Mn )n≥o is a martingale with E ( Ma ) - Ecmo ) =\



Examplestockpricesinaperfe-tmar.TL
et ✗ n be the closing price at the end of day in

of a certain public /y traded security such as a Share or
stock . Many scholars be lieve that in a perfect
market these price sequences

should be martingales .

( see PK page
73 for more details )

.



Historyandgambling
Let (Xn ) n ≥ o be a stochastic process describing your
total winnings in in games with unit stake

.

Think of ✗n - ✗ n- i as your net winnings per unit

Stake in game n
,
n ≥ I

,
in a Series of games , played

at times n = 1,2 ,
_ . -

.

In the martingale case

E ( ✗ n - ✗n - i / Xo ,
Xi

.
- -

,
✗n - i ) =E(✗n / ✗a-- •

✗
n - i ) - E ( Xn -il Xo , -→ Xn.)

= Et ✗n l Xo
. . _ ,

✗n - i ) - ✗ n - l = 0 ( fair game )

Some early works of martingales was motiva ted by

gambling . Note that there exists a betting strategos
called the

"

martingale System
"
← doubling bets after losses



parties
Let ( ✗ n)n≥◦ be a martingale .

n < m

• E (Xml Xo , . . . .
✗n ) = Xn

Prod Xn = E ( ✗nu 1×0 , _ .
-

,
✗ n )

✗nti = E ( Xntzl Xo
, - -

-

,
✗ nti )

✗ n = E ( Xnti 1×0 , _ _ ,
✗n ) = E ( E (✗n'-21×0 . -

-

,
✗nn ) / Xo . .

_ .

.

✗ n )
= E ( ✗ ntz | Xo , _ _ ,

✗n )
Excise : E ( E / ✗ IY , Z) /7) = E ( ✗ IZ ) (show for discretion)

• Markov Inequality : 1f Xn ≥ o Un
,
then for any

d> 0

P( Xn ≥ d) ≤
EH

= E,¥✗

⇒
For all n Pin ≥ d) ≤ E(¥ VA > 0



Maximalinequalityfornonegativemartingthm.LT(Xn)n≥ o be a martingale with nonnégative values .

For any X> o and me ☒

PC max ✗n ≥ d) ≤ ( i )
◦≤ n ≤ m

and (2)
P ( max ✗ n ≥ x ) ≤ ¥)

n ≥ o d

Pr¥ Ne prove ( l)
,
(2) follows by faking the limit mio.

Jake the vector ( Xo , Xi , - - ,
✗m) and partition the

sample space Wrt the index of the first r.v . rising aboved

l =
✗ ◦ ≥ ✗

+

✗
☐
< ✗

,
× , ≥ A

t - - - t
✗ ◦ < d. -- ,

✗m - i < d. Xm > d
+

✗où ,
._
,
✗m'A

Compute E (Xm) --Ekin - I ) using the above partition



Proofofthemaximalinequality
E- (Xm ) = Ê E (✗ on ✗◦ ci . . _ , ✗ n - ici , in ≥ d)

+ E ( ✗ m # ✗ ◦ < d- . - imad )
n - o

m

≥
E E (✗m ✗◦ ci . . - , in - ici , dn ≥ d)
h = 0

Compute E ( Xm ✗◦ < i. . . . . ✗n . , < i.✗n ≥ ,) by condition ing on

✗ O
,
X , ,

- - -

,
✗ n - i , ✗n

:

E- (✗m ✗◦ < i. . . . . ✗n - i < d. ✗n ≥ d)
=

=

=

Sum for all n

E (Xm) ≥


