MATH180C: Introduction to
Stochastic Processes Il

Today: Introduction. Birth processes

Next: PK 6.2-6.3

Week 1:

o visit course web site
» homework 0 (due Friday April 1)
» join Piazza



Stochastic (random) processes

Def. Let (Q.F,P) be o probability spoce.
Stochastic process is @ collection (g : ‘teT)
of random vartobles Xi 1 L) 2 ScR (all defined on the
Some Frobmb(h"ﬁy sPace)
- often t represents time but can be I-D spoce
T s called the ¢ndex set S s called the state space
K:QxT=S (Xe(w)eS)
Lor ouny fixed w, we Se_’c o Cealization of all
random varwobles (Xe (w): teT> — i&?ﬂier‘;&ﬂ
Xo(w): T =8
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Stochastic processes . Classiticalion

(Dueslions :

e What s T « What is S

« Relations between Xi, and Xy, Hor t,#t2 )
. Pro‘)er\‘ies of  The -’rm\')edorj

Discrete fime Continuous Fime
T=N, 7 {iote set T= R, lo,+=) [o.1)
L condom vector
Real-yalued Integer-valued Nonnegotive ..
S=R S= 7 g c [0,400)

Ccm‘\.‘r\uou\sl righ’\ -~continuous (C&é\B\S) scum?\e Po:H)



Exo.mp\&g of stochoastic processes

. Colussian processes - Lor &r\j Te T X has horma) disteld .

. S’koﬁ{onurj ?rocessras: distribufion doesnd chomﬂe in Time

« Protesses wa tcfh s'h‘\‘(‘or\o&‘d and ihde()eh&qﬁ e re ments (L/Q\I77

. Poisson process \ncrements ore ‘mdePQnden* and Ruisson ()

« Mooy Processes - "distribution 0 the future clef)enq\s on[J
on ‘“‘\Q C_uq‘r?_ﬂ'k S"oik‘e\ bv\"( does _F_\Qi QIQPQV\A on —h\e ?QS"'M




Exa,mp\,es of Stochostic processes

« Martingades : E[Xom Ko, X k] =Xy (faic game”)

Prownian motion (Nierer P(‘oCeSS> is o contibuous-time 5"}.Froc..
Gaussian m&(‘“\'\hgo\\e . has S‘h'h‘onarb and
‘mc\ependen'} wnetements | Markoy  Var (Wel=t
Cov W, Ws J= min{sty s sam?\a Po\'ﬂ\ 1S

e—\‘Q‘"BN\“Q\"Q confinuous and nNowhere A fferentiable

diffusion plocesses (5*0Lkus-\-\‘c AWM "\)&w
&iq\emh“'iq\ Q_:‘U\OCHOV\S)




Continuous time MC



Continuous Time Markov Chouns
Det (D(Sc(‘e't.e- time Mackov cko..(n)
Let (Xa)mo be o discrete time stochastic process ‘Lc\\é.\'nj

values t Z, ={0,1,2,-.§ (for convenience ) (X )nao 1S called
Mo.r\LQ\I Q"\Ok;h H: —(:Q(‘ anj neN and (:, : C.,_-_| L‘.,_\ ' L.,J‘ € z_‘_
P(X\'\H:\j | X =to , Xi= i, -~ Xet = thet ' Kn=t ) = P(Xm—l=j | Xh=¢ )

Def (Continuous-time Markov chain)

Let (Xt}tzo= (Xt“oét‘w\ be o continuous time process
‘l’.m\Lih?) values tn Z, . ()(Quo is called Markov chaln f
Lor ony ne N oetoct < etnaes (50, o, 0y, ., lna, c‘je Z.

(%)
PURse=j [Rtomto oo K = G K== P[Xssb ) | Ks=c ]



Po(ss oh process

ES_E. JA\ PO\'Ssoﬂ FroCess 0‘( (r\‘\'ehS-l‘}J (Nde.) A>0 s

on \hjreser— valued stochastic process (Xt)tzo for which
N for each +ime Fo‘m*s Tozo <t ¢ ¢tn | The process
‘mcremen){s Xt.- Xte. Xt.‘ = Xt, R Xth‘ Atn-y

ofe ‘\nQ\eFenc\en+ toondom  variables

23 ‘For S2o and 't>0| fhe romdom \lari&b\e_ Xsﬂ-)(s lms

the Risson disteibution Pl Xeas-Xg = k] = (’\ﬂ k=0.\\--.
3) K=

Xe 3 —

L &

| o—0

L - t . .- .t




Ex&mple'- PQ(SSOr\ Process as MC

s Potsson Process a continuous Time Mc?
Polsson process :

\ continwous Lime

Vo discrete  stata

V(%)
Let (Xt\)t;a be « Poisson process, let el e- € Cn, ¢ L‘EJ

P( XS-"t_——j l X't:.-;:{'o IXt|= C\ R Xtv\-\ =L-”\"\ ) XS=L>

P~x*°={° \x'ﬁt"x’%: C\‘(‘M-v | XS‘ Xth-\ = [-la-1, X‘t'l'S" Ks =;\‘(]
“)[ x&°=(° ' xt‘-xh’ = (“~(0!'“' ' XS- Xth~\ = L_Lh‘\-}

[P[ X’us—Xs ’:}‘\]

= = = IP( X3k I 2 -XS=J~(' J‘P Kirs-As
IP( Xt+s —\) \XS—-L3 = E[Xs=(\) ~ Y:j\[}

-
—

"




Transition pro bobt t\j Lunction

One oy of descr(b(ha o continuous 4ime MC s lmj
u_s(v\a the transition Probabiki‘t\j functions

Def  Let (KX)o be a MC. We call
F[Xs+’c=3\)§s=i] C.J'e {o,.-.§  s20, t>o0
+the transition Pmbub(l/(‘bj function for  (Xieso.

I P(XS,,JC =j \ X5=i\ does hot dePenc! on & | we say
tYnat (Xﬂtzo hos thocE{onou—\J tronsi tion Probab( Wties and
we define Py ()= P( Xt+s=J | Xs=c) = P(Ke=y [ Ka=t ]

[COMP&(‘& bd\\-b‘l\ n -—g‘bL‘J ﬁaw&ttfow Pc‘obo\b\'u{:zes ]



