
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math.ucsd.edu/~ynemish/teaching/180cB

Week 7: 

homework 6 (due Monday, May 16, week 8)

Midterm 2: Wednesday, May 18

Today: Asymptotic behavior of 
renewal processes

Next: PK 7.5, Durrett 3.1, 3.3

o



Keyrenewaltheorem
Thin ( Key renewal theorem ) Let h be locally bounded .

(a) If It satisfies H=h+h*M
,
then H is locally bounded

and H=h + H * F (* )

(b) Conversely ,
if It is a locally bounded solution to (*) ,

[
convolution in thethen H=h+h*M (* * ) Riemann - Stieltjes sense ]

(c) If h is absolutely integrable ,
then

•

him Hlt ) = 1dk
c- → a µ

Example . Htt ) = E- ( Yt )
a

Last time : Htt ) = / (1--1-1×1) dx + H * Flt )
t a

Hft ) = hit ) + h * Mitt with hlt / = / 11--51×1)d"
t



Example(co
In particular ,

a S

f / G- FIN)dxdt=
° t

⇒ by part (c) of the key renewal theorem

him E- (Yt ) =
1- → a

similarly him Else )= , lim Elpt) ≥
c- → • 1-→ •



Exampte
What is the expected time to the next earthquake
in the long run?

For ✗ , - Unit foil]

therefore
,
him Eljt ) =
c-→◦

And the long run expected time between two

consecutive earthquakes is



Remarkimomentsofnonnegativer.jp#itin
. Let ✗ be a nonnegative random variable

.

Then
ECX

"

) =

=

Pr°#
.

× ≥ ◦ ⇒ ×
"

≥ ◦
. Using the

" tail
"

formula for

the expectation of nonnegative random variables

ECX
"

) =

After the change of variable ✗ = the we get
ECX

"

)=



Remark.tl/t)isfiniteforallt-

Proposition. Let Nlt ) be a renewal process with interrenewal

times ✗ i having distribution F. If there exist c- ◦ and ✗Had

such that PCX , > c) > ✗ ,
then

• °
K

Pro Recall that Mlt ) = [ PUNK ≤ t ) = 2- PC ¥,
Xj ≤ t) (*)

1<=1 K = I



Examplei.AgereplacementpoliciesCPK.p.SI
Setting: - component 's lifetime has distribution function F

- component is replaced
(A) either when it fails

,

(B) or after reaching age T (fixed )
whichever occurs first

- replacements (A) and (B) have different costs :

replacement of a failed component (A) is more

expensive than the planned replacement (B)

Questions How does the long - run cost of replacement
depend on the cost of (A)

, (B) and age T ?

What is the optimal T that minimizes
the long- run cost of replacement ?



Examplei.AgereplacementpoliciesCPK.p.sc
Notation : Xi - lifetime of i-th component

,
Fxi A) = Flt)

Yi - times between failures

✗4

✗7

¥
T

W,=TWz=2TWf4=3T+✗4W5,µw?⃝Y ,

failure failure failures

Here we have two renewal processes

(1) renewal process Nlt ) generated by renewal times (Wi ) ?= ,
(2) renewal process QIH generated by interrenewal times (Yi )É .

Nlt) =
,
QHK



Examplei.AgereplacementpoliciesCPK.p.SI
Compute the distribution of the interrenewal times for Nlt)

Wi- Wi - i = { ,
so

F- 1×1 :=P / Wi - Wi - i ≤ a) = {
In particular ,
E (Wi - Wi - 1) =

Using the elementary renewal theorem for Nlt ) ,

the total number of replacements has a long-run rate



Examplei.AgereplacementpoliciesCPK.p.SI
Compute the distribution of the interrenewal times for ① (t) .

if × , ≤ T

if ✗ ,
> T

,
Xz ≤T

Y ,
-

- { ; ,
if ✗

,
>T

,
_ . -

,
✗ n > T

,
✗ n+i ≤T

SO

and for 2- c- (O , T )

Plz ≤ e) =

=

=



Examplei.AgereplacementpoliciesCPK.p.SI
Now we can compute the long - run rate of the

replacements due to failures

ECY , ) =

E / L) =
I

E ( Z) =
,
so

E /Yi ) =

Applying the elementary renewal theorem to Qltl



Examplei.AgereplacementpoticiesCPK.p.sc
Suppose that the cost of one replacement is K

,
and

each replacement due to a failure costs additional c.
Then

,
in the long run the total amount spent on the

replacements of the component per unit of time

is given by
CCT ) ≈

If we are given c. K and the distribution of

the component 's lifetime F ,
we can try to

minimize the overall costs by choosing the

optimal value of T .



Examplei.AgereplacementpoliciesCPK.p.SI
For example ,

if 12=1 , C- 4 and ✗
,
- Unit -1011 ] ( FK) = ✗ 11,0

, ,])

For Tt [Oil ]
, µ ,-

= and

the average ( per unit of time ) long-run costs are

CIT ) =

¥4T ) =

A


