
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 5: 

homework 4 (due Friday, April 29)

regrades for HW 3 active until April 30, 11PM

Today: Renewal processes
Poisson process as a 
renewal process

Next: PK 7.2-7.3, Durrett 3.1

:



Expectation

Propositions . Let Nlt) be a renewal process with interrenewal

times X .
.
Xz

. .
. .
and renewal times (Wn )n ≥ , . Then

E( Wnit )+ , ) = E(✗ 1) EIN A) + 1)
=

µ ( Mlt )
+ 1)

where µ=E(✗ 1)

.pro#.E(WNiH+i)-E(Xzt---+XNlt)i-
1) =

=



Expectation
Nlt)+ I

E / -2 Xj ) =
5- 2

=

Since Nlt) ≥j - I ⇔ Wj _ , ≤ t ⇔ × ,
+ ✗at -- - + Xj - , ≤ t

=

=

=

•

Remarks For proof in PK take / = I
{net)=i } .

i= I



Renewalequation

Proposition} . Let (Nlt))t≥o be a renewal process with

inter renewal distribution F. Then MAKE / NCH)

satisfies

Prost
.

We showed in Proposition 1 that
O

M = 2- F*n
h= I

_

Then M*F=



Poissonprocessaaeewapres
The Poisson process Nlt) with rate d > o is a

renewal process
with Ffx) = 1- e-

"
?

- sojourn times Si are i. i. d.
,
Si - Exp (d)

- Si represent intervals between two consecutive

events (arrivals of customers )

- Wn = Ési
i=o

- we can take Xi = Si . , in the definition of

the renewal process
¥
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Poissonprocessaaeewapres
We know that Nlt ) - Poiscdt )

,

so in particular
E- (Nlt)) = At

E×le Compute µ (f) = É #
"

(f) for PP
h= I

E.A) =

Denote % /t) =
"

e-
"t
:

K !

4*1=11-1 =

f- * Flt / =

F*
>

(f) =

:

f-
*nlt)

=



Poissonprocessaaeewapress (cont)

•

IF
* "

(t) =
h= I
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=
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RÉty
Proposition Let Nlt) be a renewal process with continuous

interrenewal times Xi having density f- (x ) . Denote
•

mlt ) = If
* "

( t )
.

Then
n= 1

and A)

[ renewal density
Proot : f-

""

(f) = Moa

Example : Compute the renewal density for PP using (*) .

f- (a) = dé
""

,
so (*) becomes

Mlt ) =

=



(con

e'
*
Mlt ) = ← differentiate

{ /⇒

Indeed
,



Excesslifeandcurrentlifeofpp / summary)
Recall : Let Nlt) be a renewal process .

Et Tt 9-
. _ .

/ . . . .

÷
,

,

← : : i
i. : i

-tWNIHH
Det

.

We call

• ft :=WN # 1+1
- t the excess for residual ) lifetime

• it :=t - Wnit , the current life for age )

• Pt :
- rttrt the total life

Rema 1) ft > h ≥o
iff Nltth) - Nlt )

2) t ≥h and Ot ≥h iff Nlt - h/ = Nlt )



Excesslifeandcurrentlifeofpple.TN/t) be a PP
.
Then

• excess life

P( ft > a) =

• current life of

Plot >a) =/
I

• total life pt
= ft + St

E ( ft + Et ) =

=



ExcesslifeandcurrentlifeofPP-f.int .)

• Joint distribution of ( ft ,
St )

P(8t >not >g) =/
⇒


