
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math-old.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math-old.ucsd.edu/~ynemish/teaching/180cB

Week 4: 

homework 3 (due Saturday, April 23)

Midterm 1: Friday, April 22

Today: MC review. Conditioning on 
continuous random variables

Next: PK 7.1, Durrett 3.1

:



ExampleiBirthanddeathproces.se#
If we consider the birth and death process . the

equation 11-0=0

takes the following form

where 0i=¥.

. - - - - ¥, , 0-0--1
.

•

Then . Eiti =L implies that
i=o

•

If I D-ico . then (Xt) is positive recurrent and Tj =i=o

If É0i=• , then ñj=o V-j .
i=o



Examptelineargrowthwithimmigration

Birth and death process . dj=Aj+a , µj=µj (* )

Using Kolmogorov 's equations we showed ( lecture 5)

that E(✗ e) →⇒ ,

1- → •
,
if µ > d.

What is the limiting distribution of ✗
+ ?

From the previous slide , ñj=÷i , Oj = dj-i-_
Mj

- -
-

Mi
i=o

If we replace dj ,µj by A) ,
we get

ñj=( f- f.)%É¥+j-)
j !

, j > I

4-
◦
= ( I - ¥ )

- ¥



whatyoushouldknowformidterml-cmini.mum ) :

- definition of continuous time MC
,
Markov property ,

transition probabilities , generator
- representations of MC : infinitesimal (generator ) ,

jump -and- hold
,
transition probabilities ,

rate diagram
and relations between them ( in particular Q and PAD

- computing absorption probabilities and mean time

to absorption
- computing stationary distributions for finite and

infinite state MCs and interpretation of Ei )i?◦
- basic properties of birth and death processes



conditioningoncontinuousr.v.IT#.Let ✗ and Y be jointly distributed continuous

random variables with joint probability density function

fxylxiy ) . We call the function

u

the conditional probability density function of ✗

given Y=y .

The function

is called conditional distribution of ✗ given Y=y



Conditionalexpectation
DI. Let ✗ and Y be jointly distributed continuous

random variables
,
let fxiylx.ly ) be a conditional

distribution of ✗ given Y=y and let g : IR → 112

be a function for which Egg A) 1) < • .

Then we call

the conditional expectation of gcx ) given Y=y .

In particular ,
if



Remarks

If Y is a continuous random variable
,
then

Therefore
, we cannot define PCXEAIY -_

y ) as

P( ✗ c- A / Y=y)=

On the other hand consider example :



lntuitiveexplanationlderivation-PCXE-x.at/sx1,Yc--y.y+DyI)

=

Using the multiplication rule ( fyly ) > o only , ytsy] )
P( ✗ c- [× ,

✗ tox]
,
Yt[ yiytby ])

=

P( ✗ c- [× , ✗ + DX] / YE [yiytl> y ] )



propertiesofconditionalprobabili.tv/expectatig

1) P(a< ✗ < b. c<Y< d) =

2) P / a< ✗ < b) =

3) E- ( glx) ) =



T-urtherpropertiesotconditionalexpectatiIPK.p.sc)

4) Etc , g. (✗ 1)
+ Cage (Xz ) / Y=y )

= Ci Ecg . (Xi )lY=y ) + cz Elgz (X2) )Y=y )

5) ECU (KY ) I Y=y ) =

In particular ,
E ( V IX. Y ) ) =

6) Elglx)hlY)) = [ hly )E( glx ) / Y=y)fy G) dy
- a

= E- 1h14 ) Ecg 1×71 Y ))

7) Efg /✗ 114 -_ g) = Efg (X1) if ✗ and Y are independent



Exam

Let (XM ) be jointly continuous r.us with

density f×µ(a. g) = 4- e-
¥ 'T

,
a. y > °

Compute the conditional density of ✗ given Y- y .

1) Compute the marginal density of Y

2) Compute the conditional density



Examplel(wn

Suppose that Y - Expo ) , and ✗ has exponential
distribution with parameter ¥ . Compute E (X)

• a

ECX ) = ! ! xtyé
-

Ydxdy



E✗am : continuous and discrete r.us

Let Ne N
,
P - Unit -10,17

,
✗ ~ Bin ( NiP )

what is the distribution of ✗ ?

P(X=k)=

=

=

=



Exam|
Let ✗ and Y be i. i. d. Expcd ) r.ir .

Define 2- = ¥ . Compute the density of Z .

• If ✗ - Exp (d) ,
then for a > 0 ✗ ✗ - Exp (E)

•
.


