
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 1:

visit course website
homework 0 (due Friday, January 7)
join Piazza

Today: Ordered field   
> Q&A: January 7

Next: Ross § 4

\

:



Fields
☒ CZCIQCR ( proper subsets )= =

1-et IF be a set with two binary operations
+ :# ✗ F- → E (addition) and • : F- ✗ F- → 1F (multiplication )

Consider the following properties :

Al . at ( bi-c) = la + b) te H a. b.ce F (associativity )

(1:21:27 1 :(2:21
,

Î = 2""# (E )
}

← not associative

AZ . atb-btay-a.be#(commutativity ) [
" H

"

means
" for all

"

]
3-2 =/ 2- 3 ← not commutative

A 3. 7 OEF s.t.ato-aV-ae.tt (neutral element )

0¢ AI [ Ï
"

meurs
"

there exists
"

]
A 4

.

Hae F 7 fa) c- 1F s.t.at/-a)--o ( additive inverse of a)

☒⇒- { REQ : RIO } -1¢ ④⇒



•Fields (cont ) corrected

MI
.

albc) = (ab ) C H a. b. ce 1F (associativity )

N2
.

ab = ba

V-a.be/F(commutativity)M3.J-IEFs.t.a.l--aV-ac-1F ( neutral element )

M 4
. V-ac-lt-s.t.ee#o7a-'c-lFs.t.aa-'=l( multiplicative

inverse )
2×2

F-- { MER : detM¥0 } | ? ! ) ( Id ) # ( lo
' ) /

°

, ,

' )

DL a / btc) = abtac H aibic EF

Definition ( Field ) set IF with more than one element and binary

Operations + and . sàtisfying Al - Ace
,
MI - Mu ,

DL is Callet a field .

AI - f14 ,
MI - MY and DL are Callet the field axions

Remark In
,
IR are fields

,
1¥

.
Z are not fields (with usual +

.

. )



Consequences of field axions
'

Theorem 3. I het IF with Operations + and . be a Field .

Then for any a
, b. CE 1F

( i ) a+ c = btc ⇒ a-- b ( Iv ) 1-a) C- b) = ab

( Ii ) a.0=0 ( v ) ac = bc ^ c #a ⇒ a -_ b

(iii ) (-a) D= - ab (Vi ) ab = 0 ⇒ a=o Y b=o

AAH

Proofs . ( i ) atc = btc ⇒ @+c) + C- c) = (bi-c) + C-c)
Ai AU f13

(at c) 1- C-c) = at ( ( tfc)) = ato = a ,
(btc) +(c) Î'b+([+ (c))ÎbtËb

which impies that a -- b
f13 DL

(i ;) a. 0 = a- (0+0)=0-0 + d' °

/ ⇒ a. ☐ +a.0=0+9-0 a.0=0AZ

a.OÎ
}
a.0+0=0 + a- 0 TU

Prop_ HO ,
and Oz are (additive) neutral elements , then 0 , -- Oz .

Ergot
.

0 , 01+02 02+0 , ¥02 la



Orderedfieds
Definition set S with a (binary ) relation s is Callet

linearty ordered if

(ot ) H a. bes either as b or Bea

(O2 ) H a ,bes (a ⇐ b A bea ⇒ a = b) [ antisymmetry ]

(03) H ai b. ces ( ces b A bec ⇒ as c) [ transit ivity ]

Definition 1-et IF be a set with operations + and . and

arder relation E
.
IF is called an ordered field if

• F with + and . is a field

• F with E is linearty ordered

• (04) as b ⇒ a-1C Ebtc a. b. ce 1F

• (05 ) at b A Osc ⇒ ace bc



Properties of ordered fields

Theorem 3.2 Let IF be an ordered Field with Operations + , •

and arder relation E. Then V-a.be in IF

( i ) cest ⇒ - bas - a (v ) 0<1

( ii ) as b ✗ CEO ⇒ bc Eac (Vi ) ☐ < a ⇒ ☐ < à
'

(iii ) Oea AOEB ⇒ OE ab (Vii ) ocacb ⇒ ☐ < b-
'
< à '

(iv ) o «à [ à = a- a ] [
"

acb
"

mears
" asb A a # b

"

]
04

Profs
.

(i ) as b ⇒ a + ( C-a) + fb )) « bt ( C-a) + fb ))
""
- be -ci

(ii ) 01-0=0 ⇒ -0=0
,
therefore CEO OE - C

.

Then

as Is not -C a (c) ± bfc )
'
- ace - bc besace

05

( Iv ) By 01 either at 0 or Oea . osa ⇒ o.ae a. a ⇒ 0<-92

aso ⇒ 0£ 1-a) fa)
"

O car
☐•



Absolut value

1-et F- be an ordered Field

Def
'

3.3
.

L et a c- 1F
.

We can pa/÷ /
a if 0<-4

- a if aco

the absolute value of a
.

Def 3.4 1-et a ,
be IF

.
We call dist (a. b) ÷ la - bi

the distance between a and b [ a - t :-. a + C- b)]

Thm 3.5 (i ) OE la / Haff

(ii )

labt-lallblv-a.be/F(iiilla+blElal+lblV-a.bEIF ( Triangle Inequality )
Prof (i ) Follows from the definition and Thm 3.2 ( i )

.

(ii) Exercise ( check 4 cases )



Proof ( cont ) ( Iii)

Slept : HCEIF ,

OEC ⇒ - KIECE ICI

01

Prof : OEC ⇒ ICI :c A -CEO ⇒ - ICIEOECE ICI

Step 2 : VCE 1F
,
CEO ⇒ - ICI ECEICI

Prof : CEO ⇒ ( ICI = -c) Mf14 = c) ^ c- ICI) ⇒ - ICIECEOE ICI

Step 3 : - la / sa Etat ,

- IBIEBEIBI

Follows from Step I and Step 2 .

Step 4 : - tat - Ib / ± a - Ibl « a + b a- la / + b Etat Hb )

⇒ |
atb ⇐ la / + lb /

- (atb ) E - C- tal - / bi ) =/a/ + pb , / ⇒ latb / « la / + lbl
DU

Corolla ry
V-a.be c- IF dist (a. c) < dist /a. b) + dist / b.c)

Prof
.

Exercise ( Hint : Define ✗ = a-b. y = b-c)


