
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 4:

Homework 3 (due Sunday, January 30)

Today: Subsequences  
> Q&A: Jan 28

Next: Ross § 11-12
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Def II. l Let (Sin) be a sequence
of real members and Iet

be an increasing sequence of natural number .

Then is Callet a



Subsequences

Thm 1-et Isn) be a sequence .

Lette R
.

( i ) There exists a (monotonie) subsequence of Isn) converging tot
⇒

Proie
.

(⇒) Exercise .

⇐) V-E >o the set { ne : Isn - t / < { } is Infinite .

Case I : the set { n ! soit} is infinite ,

fake (six) with Snet Hk .

Case 2 : V00 the set is infinite .

( xxxx ☒*☒¥Either (a) V-E>o is infinite t.at te

or (b) HE> o is Infinite

Consider Case 2 (a)
.
We want to construct au increasing

subsequence that concierges to t .



Proof of Thm 11.2 ( i )

suppose that V-E>0 { n: t- { <suit } is infinite

1 Chose n
, such that
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,
and thus the set

-

is Infinite .
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Then
:

K Suppose we have numbers n , < hic
- - < ne- i such that

.

Jake

{n'- t-{< suit } is infinite ⇒

•

is a sub sequence of (su)nÎ , ,
and(Snu) vit



Subsequences

Thm 1-et Isn) be a sequence .

( ii ) ( soi ) has a (monotonie) subsequence that diverge s to to

⇒

(iii) (sir ) has a (monotonie) subsequence that diverge to -a

⇒

Prof ( ii ) (⇒ ) Exercise .

⇐) suppose that (Sin) is unbounded above .

1 1-et
, so

that

z (Sin) unbounded above ⇒ is Infinite
'

. chose
:

K is Infinite
,
chasse

.

Then (Snic) is a subsequence , K



Subsequences
Thm 11.3 1f (Ss) concierges ,

then any
subsequence of (Sin) converses

to the same limit .

Prcf
.

Let (Sna ) be a subsequence of (sir)
.

I

Proof by induction :

2 Suppose (Sa) converge to SER . Fix E > o . Then



Subsequences
Thm 11.4

-

very sequence has a monotonie subsequence .
Sn

-Proofs 1-et Isn ) be a
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sequence of real number" / . . '
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Dénote D=
.

Case l : D is Infinite . Jake

Then n , < nz
,
nk- t < nk

Casez : Dis finite .
Jake Then



Bolzano -Weierstrass Theorem

Ttm
.

11.5 Euery bounded sequence has a convergentsubseguence.pro#Let(sn)beabounded
sequence .

By Thin 11.4

Since (Sa) is bounded ,

(six) is monotonie and banded
, therefore


