
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 4:

Homework 3 (due Sunday, January 30)

Midterm 1 on Wednesday, January 26 (lectures 1-7)

            Regrades of HW1 will be active on Gradescope on Tuesday, Jan 25

Today: Cauchy sequences  
> Q&A: January 24

Next: Ross § 11
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•
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Cauchy sequences

Del 7. I. A sequence (Sin) of real members is said to converge

to the real number s if

HE >07 Ne Hn> N / Isn-SKE )

Def.IO?o- A sequence Isn) is cadet a Cauchy sequence
if

HE > 0 3- NE IIV V-m.in > N ( Ism - Snl < E )

N > [E)E-✗amples Fix E > 0 .

I. an = À : I
, E , tut , - - - min > N ⇒ 1am - an / =/ tn - tn / < f- CE

✓

2. bn -_¥
"

: - 1) È , ity ,
- - min > N ⇒ Ibm - bn / < Ibm / + Ibn / < + < E

3
. Cn =/ + £ : l

, Ê , ¥ , Ê .
.
_ . Min > N ⇒ Icm - Cn / =/ tm - nt / < CE



cauchysequencesl-emma.IO-9 Convergent sequences are Cauchy sequences .

17001
.
Suppose limsn = SE IR

.

Fix E > 0 .

h→a

Then IN tn > N ( Isn- SI < E )

Using the triangle Inequality ,

Hm
,
ne A- ( Isn - smlslsn-sltls.sn)

Therefore
,
V-m.us N ( Isn - Sml E Isn -sltlsm-SI < § + § = E )

Ba

Lemma 10.10 Cauchy sequences are
bounded

.

Prod
. Suppose (Sin) is a Cauchy sequence .

Then (fake {=D

3- NE N-tlm.us N ( Isn - Smt < 1) . Now taken = NH

n > N Isn - Sou , / < | ⇒ tn > N Isn / ±

lsn-sn-iii-lsni-ilcls.nu/tlWithM:--Max { 15,1 ,
/Sal

, _
_

, /Snl , /Sutil +1 } we have tn Isn / « M .

Bas



Cauchy sequences converge

Thmlo.tl ( Sin) concierges ⇒ ( Sin ) is a Cauchy sequence

Proot
.

(⇒ ) Lemma 10.9 .

(⇐) suppose ( sir) is a Canchy sequence .

By Lemma to .IO/sn)isbounded . Therefore , by Thm 10.7
=/imun limon

it is enough to show that liminfsn = limsupsn
n → a h → on

Dénote Un = Inf { sk : K > n }
,
un = sup { Si ! K > n } .

Fixe > o .
Then 3- NV-m.in > N ( Ism- Snlc § ) .

In particular
V-m.in > N (sn < sont § ) ⇒ Hm> N on a- Smt §

Similarly ,
Hmm > N ( su - Ç < Sm) ⇒ Un > N un > su - §

Jake K> N
.

Then /Vu - nul = On - un ± ON - UN ± son + § -snt } <E

Therefore
,
Iim (vk.ua/--O--limvu-limue=limsupSn-liminfsnkxsn'→• le→ a na - na DU



Exemples
) 1-et an =% + 0¥37 . - +

Œil
. Then

2h

(air) is a Cauchy sequence and thus Can ) converge .

Prif
.

Fix E > o
.
Then f m > n > N

1am - an / =/%"+ËË+ - -
- + - Il

=/ ÇÇ + - - - + ELI / a- 1%-7? / + - - - r / ELI /
⇐ ¥ -i - - - + ¥ < È [ < E ) (air ) is

7 N Hn > N (¥ <E) ⇒ min > N 1am - au / < ¥ < { ⇒
" Ca"}
sequence .

Ba

2) Let bn = / + Et § t - - - + tn
.

Jake E-_ ta
.

Then Hn ~
/ ban - bu /=+Ét + ¥, t -

- +¥ -(ltÉt.--+¥, t - - + En

> En + Int - - - + ¥ = En = £
does not

⇒ UN lbzcnt ,) - but, / > { ⇒ ( ba ) is not a Cauchy sequence
⇒
converge .

Bo



Asymptote behavioral sequences

L-emmato.IE/erisef.l2) (soi) C-D
"

Assume that all Sn # o and that fig 15¥ / =L c- [o.to)
.

(a) 1f Lit , then limon =On→a

(b) if L > I ,
then Iim Isn / = + • ( Use part (a ) and Thins 9.529.10)

n→à

Proot .

1-et LE -10,1 )
.

Fix E > 0
.
Jake a c- ( L , i ) ,

L < all
.

Then by Thm 9.lt/i)/Lec6)7NV-n > N ( /È / <a)
In particular , lsntzkalsnti / , /Snt} / < a /Sntz / <à /Sutil ,

--

, /Sntk / < a
" "

/SNHI

Consider the sequence ( ba ) with ba -_ an "Û .

Then

( i) by Thm 9.2 / Lee 5) and Importantexamp.KZ/Lec6),limbn--on--ao(ii)VnOalSnlEbn
,

therefore by thm9.lt/ii)Lec6limlSul--0unis

Finally ,
Yn - Isn / Esu a- Isal ⇒ limon -- O.

nier



Example
f0 , la / < l

l
,
a =LE×ercise9

liman

=/
+ a. a> \

m' •

☐NE
,
a E- 1

Proie
.

Case tata : Consider the sequence ( / ÎÎ / /Î , .

LIO - 12

tuent / {Ï / = la/ ⇒ Iim /ÎÎ / = tata ⇒ liman _- o
h→ a n→ •

Un an =/ ⇒ lima" = limlCase A =L :
n → • non

= "

Case a> 1 : Iim /Ç / = lima = a > | ¥
"

Iim / ai = lima
"

h →a
= to .

h →a n→a
n → en

Case at - I : Dénote b = - a > I ,
so that a

"

- ( i)
"

- b
"

,
Note Un b:-|

Then H Ne • 3- n , > N (enough to taken .
--2k > N ) a

" IÎB"> |

• 7 ne > N (euough to taken, -11<+1 > N ) à:-( ÎÎ
"

b
"" ! - |

Therefore
, limsupa

"
= | =/ - t = liminf SQ

"

⇒ (air) is divergent .
noix

n →on



important example 6 (asymptote growth ) .

For any pett and any a > 1

1¥.÷ -
- o

( exponentiel sequences grav to • foster than polynomial sequences )

Prcf
.

Dénote xn :=Ê Then

ç÷=£¥?Ë=£( " F- I. ( Hnt )
'

i Iim ( i + E) =\
h→*

2 By Thm 9.4+1 (app lied p
- i Times) Ling ( It =/

⇒ Iim /Ç / = Iim E. ( Itta )
"
= Eli:-( Iita ) '

>

=L < l
n→ a n→ -

3 By Lemma 10.12
,

liman = Iim taf = 0 pas
.

n →a n→ a



important example 7 (asymptote growth ) .

For any a> I

IimI = 0
non

h !

(factoriel grows to a foster than any exponentiel sequence )
PRI . Dénote yn : Fn

.

i Iim | ?Ë / = Iim .

→ •
%, =on

→ •
(nn )!

a¥ = / im
n→a

2 By Lemma 10.12 , limyn = !!: Î - O .
noo

Ba


