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Week 3:

Homework 2 (due Friday, January 21)
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Next: Ross § 10
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Monotone sequences
Defto.LA sequence (Sin) is called

an increasing sequence if tn Sns snt ,

a decreasing sequence if tn 5ns snt ,

a monotone /monotonie sequence if it is increasing ordecreasing

Example
not monotonie

an=0 increasing and decreasiug
en =

increasing
bn=n increasing fn -_À

nn¥z - ¥, -_Ë)
> °

gn =
n' -4N not monotone

en = - n decreasing
- 3 , -4 ,

-3
,
_
_
.

dn -- tn decreasing hn =/ l'_ tn )
"

increasing



Bounded monotone sequences converge

Thmlo.LA Il bounded monotonie sequences converge .

Proot 1-et Isn) be a bounded increasing sequence .

Dénote 5- { sn : ne ☒ }
.

Then |.se#-.-------(Sn)bounded⇒

ui-supSeIR@0FixEso.Then| Show limsn - sups
h→ a

① a- sups ⇒ n Susu < UTE V-E >o JN tn > N

Isn- ce / < E (⇒ y-{ < Sn < UTE
② ce

-

- sup s ⇒ 7N sn > u - E

(sir) is increasing ⇒ tu > N u-« Sns sur

| + a imply that tu > N u- { < su < utc

DU



Important example : the number e

Sequence an = ( Ith )
"

is convergent .

Droit
.

i sequence bu : = ( Itn )
""

is decreasing

n" !÷=ËËË.in?-(nn---nn+-,Y--n?-lY..-J--n?-4+n:--D
"

Now use Bernoulli 's inequality : ( l + ¥, )
"

> / + n .¥, > Itnn > Htniso

{- > ¥, • LI =L ⇒ Fuzz bn - i > bn , Cbn ) is decreasiug .

2 Sequence bn is bounded below : Hn baso
a

3 1 + 2 +Thm .
10.2 ⇒ sequence ( bn)n= , concierges

4 Iim (Hnt)
"

= Iim
u»
( HK )

""

_ ¥, = Ling ( l'-4)
""

= :c
n →a



QNÎ = 5- + an

Exampte

Consider the sequence (an)Î= , given by a ,
= F5

,anti-Bruits
(air) convergent ? 1f yes ,

what is the limit?

1 (air) is monotonie ✓ | Un au > 0

am , - Un = VS-tan-VS-tan-T-5-5-ml-E.FI?J+--pu.,F--au+T5-an-
\

→
as - a , = FÉ - F- > 0 ; if an - au- i > 0 ,

then anti - an >0

Principle of math induction ⇒ Un anti - an > 0
,
(air ) is increasing

2 (air) is banded above V
- AM-GM

anti-_ ✓5¥ = V51 / +¥ ) E =3 + ¥ « 3+ ¥ /3tÇ¥ )
E 3 + % + ¥ t - -

- t 0¥ , =3 ( It ¥ + ¥ t - -
- +¥ ) < 3-2=6

1 + 2 +Thm .
10.2 ⇒ liman = AEIR .

Define bn : = anti - anti - an -5=0
n→ • v0

Thm 9.4.9.3
limbn -0 = AZ - A - 5 ⇒ A c- { HÉ , III } ⇒ A = HÉ pa
n →a



Unboundet monotone sequences

Thm (i ) 1f (Sin ) is unbounded and increasing then /insu = + a
n→ *

( ii ) If (sn) is unbounded and decreasing , Heu / insu = -

on
→a

Proj i ) Fix M > O . Isn) unbanded ⇒ 3- NEN sn > M

(soi) increasing ⇒ tu> N Snzsn >M

DU

Corolla ry
10.5 1f (Sin) is a monotone sequence ,

then it has a limit

i. e.
,
(sir ) converge) or diverge s to to or diverge s to - en

.



1

limsup and liminf

[et (Sin ) be convergent ,

tim sms
.

Then HE>07N
noyer

inf {Su : n> N } Es- E
tu > N Isn - s / LE ⇒ tu> N s- { < sina.sc#

sup { Su : n > N } E STE

limsn-siffv-ESOJ-NS-EL-inff.sn : n > N } E sup {Snin> N } ESTE
h→ a 11

•

""

lion un ⇒

)
%

(Un )n=
,
is increasing

• / ⇒ Ivy Siis ⇒ moi

(vn)" ,
is decreasing limon = s

n → a

-

Let ( sir) be a sequence . We defineDef 10.6

limsup Sn = lion sn = tim sup { su : n > N }
n → a mis N →•

t.iminfsn-niq-o.sn : = Iim inf {su : n > N }
ni ° N→a

1f sup {su : ne ☒ } - +• , livusupsn -_ toi ; if inf { soi. ne N } =
-a

,
liminfsn = -0

a→ a
na -



limsup and liminf

Example 1) an __ n
,
YN sup { an : n > Nt

-
- te ⇒ limsupn = + a

nier

HN inf { an : n > N } -- Nt / ⇒ liminfh = + a
ni -

2) bn -_ tn
,

VN sup { bnin> N } - ¥ , ⇒ limsupnt __ 0
hier

N inf { bu : n> N } =D ⇒ Iimiufnt =On
→ a

3) en =
f1)
"

n-V-Nsupticui.us N } ±
-1

⇒ Iimsup ÊO
Ntl

nos

⇒ Iiminf -45N inf { Cn : n > N } > -j'+ | mien ¥0

4) du = @ )
"

HN sup { du : n> N } =L ⇒ limsup c-1)
"

=L
hier

HN inftdn : n > N }= - t ⇒ liuriuf @5=-1
nie

5) en = À
"
"

HN sup { en :n> N } = + • ⇒ Iimsupn
")
"

= t -

hI@V-Ninftgenc.usN} =D ⇒ hminf À ')"= 0
mis



Convergence andlimsuplliminfthm.IO?--1-et (sir ) be a sequence in IR
,
se /Ror se {toi -a } .

Then (i) limsn = s ⇒liminfsn-limsupsn-s.tn
→• h→ 0 h → *

(ii ) limsupsn = liminfsn = s ⇒ limsn = S

n→a n→ a
nier

Priof Denote ujinf { su : n > N }
,
on = sup { su : n > N } , ce :(iminfsn ,

F- limsupsn
h →•

hier

( i ) Three cases : s = + a. s = - •
,
SEIR

15=1--7 Fix M > o
.

Then 3- N tn> N Sn > 2M
,

and this inepties

that Hu > N Un > UN > 2M >M ⇒ Iim un = liminfsn = ta
Noa

a → *

On the other hand
, ftp.sn-i-a-sv-nvn-i-a-slimsupsn-tan→ a

/SERI Fix E»
- Then 7N tu>Ns - { < Sn < s'

- £ Then

I Un 2UNIS- § > S -E ⇒ tu> N Un > S-E 2 Un EUN Est §< SE⇒tu>N Vaast

3 Vu Un Eun I + 273 ⇒ Fn > N s -{ < Un ± on < STE



Convergence and limsup / liminf

(Ii ) Three cases : 5- tais
-
_
-ai SEIR .

15=1--1 liminfsete ⇒ KM>07N non un > M
n → *

Then Uni , = inf { Sn : n > Nti } >M ⇐> tu>Ntl Sn > M
.

fsc-IR-l-limiufsn-h.vn un = C
, limsupsn = limon

-
-c

nte n→ a nyo into

HHZZ Un:-, inflige : ksh - i } -45ns sup { Sk : K > n - l } = Un- ,

| nie/ na - Int» (squeeze Lemina) u

u g
s

s

va


