
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 3:

homework 2 (due Friday, January 21)

Today: Limit theorems for sequences  
> Q&A: January 19

Next: Ross § 10

o



lnequalities
• Cauchy-Schwarz -Bunyakovsky inequality
Let ne N and { ai , - - - ian , bi , . . - ibn }CR .

Then

n n
n

Prodi. Dénote [ai = : A ,
[ bi = :B

,
[ aube = :C

.

1<=1 1<=1
kit

① A --0

② A > o
.
Consider the function p (x)

: =

h h
-

Exercise ( Eakbk /
'

= [ ai - Èbni
1<=1 IL =/ IL = ,



/nequalifies
- M - GM inequality :

Let ne
, { a, .az , - - - ,

an } c. [ 0 ,
+ • ) .

Then

PRÉ ① 1f a.az -
- - an = o

,
then

② 1f n =L
,
then

③ Suppose n > I and HK au > o
.
Then



/ nequalifies
• Bernoulli 's Inequality ( Li ) :

Y a> - 1f ne N (Hx)
"

? lthx

• Triangle inequality ( L2 ) :

V-a.be/RIa+blElaltlbl.Cauchy-Bunyakovsky- Schwarz inequality
Let ne N and { ai , - - - , an , bi , . . - ibn }CR .

Then

Êakbk /% È ai - [ BÂ( 1<=1 12=1 IL =/

• AM - GN Inequality
Let ne

, { a, .az , - - - ,
an } c. [ 0 ,

+ • ) .

Then

Gn ÷ Ûa,qz-- £ aitaznt-i-tan-n-i.fm



im its and

inequalitiesthm-9.lt
.

( i ) Let (an) and ( bn) be two convergent sequences , liman
= A

,limbn-B.tn
je

h→ a

Then

(ii ) Let (air) , ( bn) ,
((n) be three sequences such that INo tn > No ans bns.cn

.

Suppose that Gen) and - (cu) are convergent ,

liman = A
,
limon --C

ha - ha-

Then

Proot ( i ) .

(hoose Then

liman = A ⇒
h→a

Iim bn = B ⇒
h→ a

(ii)

liman = A ⇒
hXP

Iim cu =L =) .

nier



imits and inequalities

133
.

: A - C

A

n n

cor-ollary-9.TL Suppose that liman = A , tim bn -- B
.

hpa a→•

(i) 7N tn> Nan > bn

(ii) 7N Un > N au > bn

(iii) 7N tu> N an > B

(iv ) 7 N An > N an > B

Prof : Exercice ( for (i ) and (ii ) use proof by contradiction ) .



Divergence to to

least time : Iim 5ri-n-0-h.mn ÏË¥- = ?
n → a 7h4 - n' n→ a

DI 9.8 . Let (Sm) be a sequence . Ne say
that (Sin) diverge to + a (a)

We soy that (sir) has a limit , if it concierges , or diverges to + • or -• .

Exempte / im 5nË = + •

h → a 7h4 - n2

Prout
.



Divergence to In and arithmetic operations

Th Let Isn) be a sequence

( i) limon = + •
,
K > 0

h→ •

(ii) limsn = +•

h→0

(iii ) Iimsn = + *
,
KLO

h→•

Prod : Exercise

Thm9.LI Let ( Sin) and (tn) be two sequences .

1f limsn = + - and int { tu i. vient } > -a. then
ha -

Prodi
.

Fix M> O and denotem-infhtni.no/N-- }
.

limsn = +a ⇒
h→ a

Exemptes . tim /Mtn ) -- toi . Iim (ni-ni )
"

_ n' = 2
n→ * n →*

• Iim ( n'- n) -- toi .
Iim ( n- n' ) = - •

h→ a n→ *



Divergence to In and arithmetic operations

Thm 9.9 Let (soi) and (tn) be sequences such that

limsn = to and ( limtn -- t > 0 or limtn = +• )
n →• nte nte

Then

Drool ( For limtn --t > o ) Fix M> 0 . By Thm 9. Il
h→ a

Thm9 Let ( Sin) be a sequence such that tn Sn > o
.

Then

Prat
.

A) Suppose limsn = + • .

h→a

(E) Exercise .



Important example

I . If qe
À

,

then Iim n'g- = 0 (1-4)
h →A

2. 1f la/ < I
,
then lima

"
=

h →a

17€
.

① 1f a = 0
,
then 410 , time 0--0

② 1-et a # 0
.

Fix E > 0
.



Important example

3
. Iim Fh =
h→ •

Proot
.

①

② Write

③

④

⑤



Important example

4. ta > o limita =

h →•

Prix
.

1f a =/ ,
then ping 1=1

1f a > I
,
then !

②

③

1f a < |
,

dénote D= te > I .

Then

①

②


