
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 2:

homework 1 (due Friday, January 14)

Today: Limit theorems for sequences  
> Q&A: January 14, 20

Next: Ross § 9
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Lost time

Def 7. I. A sequence (Sin) of real members is said to converge

to the real number s if

V-E> 0 7 Ne☒ tn > N ( Isn -si < E)
limon = S

,
Snts

,
n → •

haa

Example
(a) N'Y a 9>0

1-et pt # .

Then lim ni
>

= {
°

, !
P"

p=0 (b)
m'*

diverge , p> 0 (c)

Example

him 5n" =
I

n → a 7h4 - n2 7



Convergent sequences are bounded

Def ( Bounded sequence ) .

A sequence ( Sin) is said to be banded if

the set { sn : ne # } is bounded ( i.e. ,
J-M > 0 V-nc-N-ls.nl <M )

Thm 9.1

1-et (soi ) be convergent - Then (Sri ) is

boundedpro-of.l-ets-limsn.se/R
.

Then by Def . 7.1 ( E-- 1)
ni

3- N Yn> N Isn - SI < I

By the triangle inequality ,
Isn / E ISH / Sn - SI

therefore tn> N Isn / < tsitt

Jake M -- Max { /Sil , /Sal , . . . , ISNI , tsitt } Then V-nc-TN-lsnlEMM.gs
✗ ✗ × ¢ÆHg**) x x x



Multiply ing covergent sequence by a scaber

Thm 9.2
Let (Sin) be convergent ,

limsn = se IR
,
and Iet KEIR

.

naso

Then lim k.sn = K - s ( i. e. limk.sn = K - lim Sn )
n→ • h→ * h →•

17¥ .

1f 12--0
,
then V-ESOV-nc-IN-lk.sn/--OcE,andthuslimk.sn--O--0.s

h→*

Suppose k¥0 . Fix E "

{ !!!!! ¥,
! Isa .sk#lsn- s' < ÈI

limsn = s ⇒ 7 Ne Fn > N Isn - SI < % , ( Def 7. I with ¥, )n →a

Then tn > N / ksn - kst = 1kt / Su -SI < 1kt - ¥, = E pa

E×am
• lim ¥ = lion 10 . ¥ = 10 . fifre ¥ = 10-0=0
non non

• Y KER ,
lim k = lim K - l = Kling! = K . / = k
n→A n→ a



Limit of a sum

Thm 9.3 -

et ( sa) and (tn ) be two convergent sequences .

1f limsn-sandlimtn-t.theulimcsni-tuj.si- t / linsntlimtu
nte nte nan haa haa )

Drool
.

Fix E> 0 .

|
3- NEN tn > N lsnttu - ( sit) / < E

Tr. lneq .
lsn-i-tn-t.IE/Sn-sltltn-t / < § + { =E

limon -- s ⇒ 7 Ni Un > N , Isen - S / < €
n→ -

limtn -- t ⇒ 3- Na tn > Ni Itn - t / < §
h → •

Then h > N- max { Ni ,N , } Isnttn - (sit) / a- Isn -slfltn - t / < { + E-E
TU

Corollary (sa) ,
(tn) convergent ⇒ limon- tu )

-

- limsu - lim tn
haa n →a h→

Example lim /5- ¥ - ¥ ) = lions _ linus - lim = 5-0-0--5
nid hier nyo ne



Limit of a product
Thm 9.4 Let (soi) and (tn ) be convergent

, lningsn-sc-IR.limtn-tc-IR.nu-

Then lim (sn.tn/--s.t--('imsn)(limtu )
haa haa haa

Isn - SI

Proot Fix Eso
.

|
3- N tn > N lsutn - St ICE

,
can control Itu-t )

lsntn-stl-lsntn-snt-snt-stlslsnlltn.tl/-ltllSn-slThm9.l-~

{ 7M> 0 :/snk-M-tlsnlltn-tfsmltn.tl <§ ÊÎ ÎÏ

ltlcltlt / ⇒ IH / Suis / < (It / + 1) 15ns / < §

3- NIEN Vu > Ni Isn -SI < ÉTÉ
/⇒ n > max { Ni ,Nz}= : N

7 Nzt # n > NI Itn - t/ <¥ lsntn-stla-Mltn-ti-ltllsn.SI <E

ra

Example
lim / 5- ¥ - ¥ ) (7- ¥ ) -- lim (5- Es -E) lèm (7- ¥ ) = 5.7-a3,
his hoo noo

¥ "→ ¥



Limit of a sequence
of reciprocals

Thm 9.5
Let (soi) be a convergent sequence ,

limsn -- S
had

such that (then (su # o)) x ( s # o) . Then

lim ¥ = s'- = 1-
lim su

ha- u→ en

Prod
.

Fix E> 0.

|
3- Ne☒ n > N 1¥ - Il <E

IE - El --1%-1=1!Ï÷ :c

| 1f but > m > o ,
then /± - § / c- Ém Isn -SI

Isn - s / < NME ⇒ / ¥ - § / CE

① 7m> o inf { Isn / : ne } > m .
Proot? 7N , tu > Ni Isn - SI < ¥

.

Then
Tr . /neg .

n > Ni Isn / ± Ist- Isn - si > Ist - ¥ = ¥ •
Jake m'-Min{ lsd.kz/....dSnl

, ¥ } >o



Limit of a fraction of two convergent sequences

② 3- Nze Fn > N2 lsn-sklsl.me

n > Ni là - ttl le < E.IT#--ESns

en

hm_ 9.6 .

Let (Sin)
,
(tn) be two convergent sequences ,fiyysn-snliztn-tiv-nc-N.sn
# O ,

S#o .
Then

him tn
-

lim
tn

a→• En
= § = nation

Sun→a

Tdm 9.5 Thus 9.5

Praof-l.int#=eimtn.j-T--" limtn . limstn = t - f- = §
pah→a n → on a →y

h→•



Exemples

him Î"÷Ë=I1) 7
h → a

Thins -6 limfnu-n.io )
→ diverses

lim
*.

¥
lui:S f- n

"
- n
' ) → diverge,

"

nX5 - À - Ê ) ein /5- Es -¥ )
lion =a- = Ê
non

lin ( 7- ¥ )n→a

2) lim = lien
a.

= "
→h →• 7h5 _ n2

= lien £ .

5- n'a - ¥
- = limtnlim-5-E-o.SI =on

→• 7- ¥ n→a
n→• 7- £3



E✗amples

3) lim
ni .

=

"

-
n


