
MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Week 2:

homework 1 (due Friday, January 14)

Today: Sequences and their limits 
> Q&A: January 12

Next: Ross § 9

o



Symbols + a and - o

Often it is convenaient to Wook with Ru { toi - a }

Extend E to this set using rates :

• H ✗ c- R - • sacs + a

•
- DE toi

,
- A E - ☒

, toi Et d

Use ± a to dénote un bounded internats

[ a. + a) {✗c- IR : x> a }
,
( a ,

+ a)÷ {✗ c- IR : x>a }

faits] :< {✗c- R : ✗Et }
,
f- ai b) ÷ {XTIR : ✗ < b }

f- a. + a)÷ IR

We define •

sup 5=-1- if S is not boundedabove

• inf S = - a if S is not banded below

sup # = to
,
inf # = - a



Sequences
Function

. mapping : Let ✗ and Y be two sets
.
We soy that

there is a function defined on ✗ with values in Y
,
if vice some

rate f we associate to each element ✗ c- ✗ an (one ) element

ye Y .
We write f : ✗ → Y

,
x
#
y (y

-
- Fix ))

✗ is Callet the domain of definition of the function ,

y = flx) is called the image of x .

E.g. : f :[a 1)→ [Oil ) ,
✗ → x

'

Dgf ( Sequence ) A function f :* → ✗CIR
,
whose domain of

definition is the set of natural number
,
is called a sequence .

a

f4) , f12) , f13), , f- (u ) , . . _ Notation : (S, , Sz , Ss , Su , - - ) = ( su )n= ,

f (m)
,
f-(Mtl)

,
f-(Mtz ) , . . . (Sin)n > | ,

( sa)ne#
,

{Si , Saisis, - - } , {Sn }Ê .

" " "

flm-1+1)
.
Hm-11-2) , ffm -11-3) . - (5m ,

Sinan
, 5mn , . - ) = (su )nÎm = (Sm ) nan

g. (n) :=f(m
- i th )



E-✗amples of sequences
• (an)nÎ ,

,

an - o (an)nÎ , = (01010,0, _ _ . )
a

• (an )n= ,
,
un = h (au )Î= ,

= ( ti 2. 3,4 ,
_ _ . )

• (au)Ê , ,
anant ( au)Î , = ( I. Î , b- , ± ,

- - - )

• bn=È ,
ne {0142,3 ,

- - } (bn )nÎ = ( I , E , I , I , - - - )

• Sin / ¥ )
,
ne

_

( liO , -11011,0 .
- _ . )

• bn = ( Ith )
"

,

ne INI (bu )nÎ , = (2, 2.2512-3704,2-4414,2-5216 ,
-)

• au = n' - Sin ( nte ) (au )Ê ,
= (0.84/0.98 , 0.997,0-9993,0-9997;-)



n

Convergence
Def 7. I. A sequence (Sin) of real members is said to converge

to the real number s if

V-E> 0 7 Ne☒ tn > N ( Isn -si < E)

Notation : limsn = s or Sn→ s
,nah

→A

Def A
sequence

that does not converge is said to diverge .

convergent / divergent

Remark-NC-AV.in the definition depends on E.

Sn = ¥ , ne ENI ,
limon =L

,
Isn - nl = / t'¥ - il = tn

nan

Isn - SI < I for all n > |

15h - SILO . I for all n > 10

Isn - SI < 0.01 for all n > 100 ( also for all n > 101 ,
n > 1000)



E-✗amples of sequences
• ( an )nÎ

, ,
an -0 (an)n? , = ( 0,010,0 , . . . ) liman =D

n → a

• ( an )nÎ
, ,

an __ n ( an)nÎ , = ( 42114 ,
_ . . ) diverge

• ( an )Ê , ,
an -_ tn (an)Ê ,

= ( I , E , Is it .
. . _ ) liman = 0

nan

• bn = En , ne {0,42 . ... } ( bn)Î. @ = ( l , Eigsi - - - ) liman -- o
non

•
Sin / ¥ )

,
ne 1¥ (1,0 , -1,0 ,

1
,
_ .

- ) diverge

a

• bn = ( It tn )
"

,
HEINI ( bu)n= , = ( 2,2-25,2-3704,2-4414,25216. . . . )

limbn -
- e

nte

a

• Un = n'Sin ( tn)
,

ne .TN (au)n=
,
=/ 0.84

,
0.98

, 0.997,0-9993,0-9997. . )
lim n' sinnt / = |
nos



Uniqueness of limit

Proj . 1-et ( Sn)Ê ,
be a convergent sequence .

Then

limsn-snlimsn-t-is-l.hn
- nyo

Proif
.

Fix E> o
.

Then

① limsn ⇒ ⇒ 7N , n > Ni Isn - SI <En
→ a

2

② limsn -- t ⇒ J N2 tn > N2 Isn - t / < §
h→a

③ ① and ② ⇒ n > max { Ni
,
Nz } ÎÎ ÉÉ

Tr. /neg. G-- A- *) (#A
1s-t / E Isn - SI + Isn - t / < Et § - E s t

⇒ Is- tt < E for any Eso ⇒ Is-1-1=0 ⇒ Et

Ba



Example
(a)

1-et pt # .

Then lim ni
> =/ ° ) P"

/ 1
, p=0 (b)

m'•

diverge , p> 0 (c)

Prout (b) n'=L ⇒ HE > 0 V-nc-N.IN - 11=0 < E. (fake Nal )

(c) Suppose 7 SER st . lim nP=s
.

Then ( fake { = , )
her

ZNEIIV tn>N Int - s 1<1

⇒ tn > N nP< Its ⇒ Un > N ne 'Œ
(contradiction AP)

⇒ HP is divergent

(a) Fix E > 0
,
dénote

q=
- PEAU . { find NS.t.V-n> N n'a < E.⇐ n' > Et

Jake N=[Œ ]
.

Then for n> N

À> { ⇐ ¥ LE ⇒ nP< ce ⇐ Int - o / < {
TU



Example

him ÎnËË = ¥
h → a

În÷Ë =

)

Alt - K ){ /ÎnË-Ë - ¥ /=/ / = / _5n-7n- / < {49 n
"
- 7h2 49h4 -7h2

v

"
y
"

tn> to 5h47m -170 < 7-n' ⇒ |
- / < =È ,

<¥"

N = Max { toi [ ¥ ] }

Prix Fix E > o
.

Then n > max { 10 , [¥ ] } = N

l" - ¥ / =/ / < ËÆ< on
:-< ¥ ,

7- n" - hi

and n > [¥] ⇒ n > ¥ ⇒ n' > £ ⇒ ¥ < E Ma


