
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 2:

homework 1 (due Friday, January 14)

Today: Set of real numbers and 
completeness axiom   

> Q&A: January 10
Next: Ross § 7
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Maximum and minimum

1-et IF be an ordered Field and /et SCF
,
5=10

Del ( so = Max 5) : = ( ses × Hse S (Sosso )) maximum of S

( s. = mins) : = ( Soe 5 A Hse S ( ses )) minimum ofs

Exemples . Any finite nonempty subset of IF has max and min

Jake F- ④ or IR Max { - E. 0,1 , } } = § ,
min { - E coin ? } = -t

2. For F-=/R and acb
, dénote

[a. b) ÷ { ✗c- IR : a a- ✗ Eb } (a. b)÷ { XEIR ! acxab }

[ a , b) ÷ { a- IR : as ✗ < b } (a. b] : = { ✗ c- IR : acx c- b }

(a) Max [ai b) = Max (a. b) = b min [a. b] = min [ a. b) = a

( txt (aib) ( ✗ « b) A be (a, b]) ⇒ b-max Laib ]



Maximum and minimum

(b) max [a. b)
,

max (aib)
,

min Ca , b] , min Ca , b) do not exist

( Proof by contradiction :

Suppose that # ☐ ER st . xo -_ max [ai b)
.

The

✗
•

c- [ai b) A Y xt [ai b) ( ✗ Exo ) . But

✗☐ c- [a. b) ⇒ xo < b ⇒ xo < ×- < b ⇒ ( ¥bE[ a. b) ✗ YI> x.)

" Re"" Max [O.k ] = mai, { * µ , • ⇐ ✗ ←
qq.CL?tradicti0h-.)

But Max { q
c- Q : Otger } does not exist

( suppose qo
-

- Max { qe Q : a- qe ra } .

Then qu < Fr , Fa
-

go > 0 .

F- qu
> o ⇒ 3- noc-IN-s.t.oc.no < K - go .

Then

go < go
- Ko < E contradiction



Upper / lower bound

1-et IF be an ordered field and /et SCF
,
5=10

Del 1f ME 1F A Hse S SEM
,

then M is Cattelan upper Bound

of S and S is ca / Ied boundedabove

If me IF ^ tt SES rues
,
then m is called a lower bound

of S and S iscalledboundedbelows.is
ca / Ied bounded

,
if it is boundedabove and boundedbelow

E- ✗amples | . Interval s [a , b] ,
[a. b)

,
/a , b] ,

Ca , b) are bounded :

any Mka is a lower bound
, any Mab is an upper bound

for these sets
.

2. If so = max 5 ,
then any ME so is an upper bound for 5 .

3
. Sets ☒

,
Z

,
Q , R are not bounded aboie .



Supremam and infimum

1-et IF be an ordered field and /et SCF
,
5=10

Del If S is banded above and S has a least upper bound

then we call it the sie premium of S , sup S

( M = sup s) : = ( Y ses (SEM )) A (HM , < M 7s.es ( si > Mi )) A)
If S is bounded below and S has a greatest lower bound

then we call it the infimum of s
,
int s

( m -- infos) : = ( exercise )
E ✗amples |

.
1f mais exists

,
then sups = mais (similar /y inf )

( fake si = M in Definition G ) )
2. sup [a.b)

= sup [a. b) = sup (a. b) = sup (ai b) = b (Simi tarly for inf )

( for [a. b) : if Mi < b , then BIM '
c- [ a. b) A KÉ

'

> µ , )
✗

Si



Completeness axiom

3. (a) A- = IR Max [0,52] = max { ✗ c- IR ! OExtr } = E

sup -101K ] = sup {
XEIR : a- ✗Er } = Fz

(b) A- = IR max { xe ☒ : Osxsik } does not exist

sup { ✗ c- Q : O -

< ✗ Et } = Fz

(c) F- = Q max { ✗ c- ☒ : o -< ✗ c- K } does not exist

sup { xt ☒ : Osx « E } does not exist

Complete ness Axiom
-

verynonemp.ly subset 50f IR that is bounded above has a

least upper bound , i. e. , sup
S exists and is a real number.

( s =/ Q ) n ( s boundedabove ) ⇒ 3- sups

Satisfied by IR ( by definition) , not satisfied by ☒ .



Corolla ry
4.5

[et SCIR . (5--10)×15 bounded below ) ⇒ 3- infs

~.

Proof •_→
Dénote -5 = { - si ses }

.

.

① : S bounded below ⇒ 7 MEIR St . MES VIES ⇒ Hses -se - m

⇒ - S is banded above

② : - S is boundedabove ¥ 7 sup C-5)
=:S .

③ : so -_ supl- 5) ⇐> ( ses → Eso) ^ ( Y Mics . 3- s.ES/M,c-sD)
⇐ ( V-sc-S-s.ES)n( Y - M > - so 3- s.ES ( - Mi > si))

"

m

"

m

⇒ - so = infos
Ba



Archimedean Property
• H a > 0 7. ne -1¥ st

. d- < a

À
0 IE E I

• H b > 0 J-nc-TN-s.tn > b

Thm 4.6 (Archimedean Property )

H a >Oib> 0 3- ne# s . -1 . na > b

Prof: ( by contradiction ) suppose AP is not true .

7 a >0 ,
boost . H ne IV. na « b

① 5- { an : ne -1¥ } is bounded 3- sups = : so

Def - S-P
z no g. t . So- a < ano② Consider so - a : a> 0 ⇒ So- a < so ⇒

⇒ So < (hot ) ) a c- S ⇒ sa # sup
S

,

Contradiction

Pk



Dense ness of Q

←
a <qcb
Ëj

Thm4.tt/Densenessof ④ )
àï
" -

E
(a. be IR ) n ( a < b) ⇒ 3- QEQ ( q c- (aib))

Prof : Enough to show that

J-mc-Z.net#s.taaM-< b⇐> an < m < bn [
nan! ]

- K K

① b- a > o ÎÎ 7 noc-AV-st.no ( b-a) > I

Hour to show that 3- me Z s . -1 . ano < m < bno ?

Chasse the smallest integer grater than ano
.

② nomax{ lat , /bl }> 0 7 K s.t.KZ no Max { lat . / bl }

=) - K Enoa E no b E K

③ K : = { je #
: -Kajak , j > an.} ,

K finite and k¥0 ⇒ 3- mink-i.in

①
④ m-_ mink ⇒ m- IE ano ⇒ m « anti snob ⇒ noacmcnob.gg


