
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 8:

Homework 8 (due Sunday, March 6)

CAPE at www.cape.ucsd.edu

Today: Derivative of the inverse.
L'Hôpital's rule 

> Q&A: March 2
Next: Ross § 31

:



Dérivative of the inverse

f-- 1-→ J
,
F ! g- → I

,
txt I f-

'

oflx)=x , Vye J f. f-
'

(y) =]

1f FED (I ) , FÉDCJ ) ,
then differential- Ing both sites gives

txt I (Fof)
'

(x ) = 1
, Hye ] ffof

"

)
/

(y ) = I

By the chain rute

(f. f-1)
'

(g) = f
'

/f-
'

( y ) ) - (f-
' l'(g) =L

⇒ (F)
'

(y )
-

_

1- ( *)
f

'

/f-
'

(y) )

1f f-
"

exists and f and f
"

are différentiable
,

then

(F)
'

is given by (*) .

Suppose f. 1- → J ,

Î : Ji I exists and f is différentiable at x. c- I .

Does this imphy that f-
'

is différentiable at g. = flx . ) ?



Dérivative of the inverse

Thm -29.9
.

Let f. I → J be one - to- one and continuous on I.

( i ) f is différentiable at xo

/ ⇒(ii ) f
'

(x.) =/ 0

Prix
.

.
Fix E > o .

i f
'

/x.) # ☐ ⇐ tim =/ 0
✗→✗ o

Consider gif
"

, g
: J→ I.

2 Thms 18.6.18.4 ⇒

3 V-ytlyo-yiyotyhsy.li



Exemples
| . arcsin = siri

'

,

Sin :( -E. E) → f1.1 ) is a bijection ( strict /y increasing )

V-xel-E.it/sin'lxl-Letyc-fhl)andletxttEiE)s.t.sinx=y
by Thm 29.9 arcs in is diffentiableaty and

arcsi n' (g) =

2. log :(0 ,
+ a) → IR is the inverse of amie

"

e
"

c- ☐ ( IR)
, (e
" )
'

-
- e
"

,

e
"

> 0

⇒ V-yelo.to ) log is différentiable at y

and ( log g)
'

=



L' Hôpital 's rule

Consider the limit lim¥ , at Rutte ,
- a }

,
SCIR

Sox → a 9K )

• if limflx) = :-[c- IR , limglxl-i.GE/Rlho } ,
then

S 3- Kia 5 > ✗+a

Iim f11
"

¥
Sax → a 9K )

• if F- ⇐ { + • ,
- • I and GE { toi - • } % | usual tools don't workF- o and 6=0 f-

f. g différentiable ⇒ try L'Hôpital 's rate



Generalized meam value theorem (Cauchy 's Thm )
Thm 30.1 f.ge ( ((ab))

f9 c- D / (a. b)) / ⇒ 7 "Hai b) st .

Proof Consider hoc) :=

hecllaib] )

ht D / (air))

h /a) =

h / b) =

1f g (b)
=/ gta) , g

'

/x) # 0
,
then



L' Hôpital 's Rute
Thm 30.2 1-et at IR and s signifie a. a+ , a-

,
+ a or - a.

Suppose that f and g are différentiable (on appropriate.ly
chose n internats ) and that Iim =L exists .

✗ → s gtx )
Then if

( i ) limflx) =/ imglx ) --0
✗ as mis / ⇒OR

-

( Ii) Iim lglx) / = a
✗ n' S

Proof On /
y for

5- a- and for 5- + • ( other cases : exercise )



Proofof L' Hôpital 's rate
1 Suppose - • < LE+ •

.

Jake L , < L .

¥.ms exists ⇒

By Darboux 's thm .

either
cor 29.7

⇒

⇒

Take Kt (Lnh) . ¥ç =L > K ⇒

By Cauchy 's -1hm t [x , y ] CH is ) 7 2- c- (xiy ) sit .

(fly d- ff4) g
'

( z ) = (gly) - gtx)) -(
'

(z ) ⇒

1f ( i ) holds ,
fake



Proof of L' Hôpital 's rate

1f ( ii ) holds
,

then 7 dit (tris) s.t.tl [xiy] [ (aus )

⇒ v-ix.yxki.si?,Yh-!;Y!,-.9'Y.;Y'-

⇒ ¥ =

Jake the limit (for any fixed ✗ c- ( aus ) )

Iim fk, = ⇒ 7 La c- Hns) sit - H ye Ha ,
s )

y
→ s

ftp.Y-9
"
>

Conclusion :



Proofof L' Hôpital 's rate
2 ff - • EL <to

,
then

3 Suppose LEIR .

Fix E > °
.
Jake L , = L - E ,

La =L + [

(A) ⇒

(B) ⇒

⇒

Suppose 4- + •
. Fix M > 0

.

Jake ↳ = M
.

(A) ⇒

Suppose 4- - * . Fix M > 0 - Jake ↳ = - M ⇒ ¥yÇË= - •

☐•



Example

I
.

For
any

a> 0

tim logx
✗ →+a ¥

2. Y a> I and ☐ < ✗ < n

Iim x
"

✗→ta ¥

3
.

Iim SILI =
✗→ 0



Exemples
3. f : IR → (Oita ) ,

flx) = a
"

( a > 0 ,
a # 1)

1- 28.4

f /a) = ⇒ ✗ c- IR f
'

/x ) =

4. logo :(0.to ) → IR is the inverse of xmia
"

,
V-xc.IR a

"
>o

,

so and

/ 1-29.9

( logay) =


