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Today: Derivative of the inverse.
L'Hôpital's rule 

> Q&A: March 2
Next: Ross § 31
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Dérivative of the inverse

f-- Ii J
,
F ! j→I

,
txt I f-

'

oflx)=x , Vye J f. f-
'

(y) =]

1f FED (I ) , FÉDCJ ) ,
then differential- Ing both sites gives

txt I (Fof)
'

(x ) = 1
, yt J (fof

"

)
'

( y ) =L

By the chain rute

(f. f-1)
"

(g) = f
'

/ f-
'

( y ) ) - ( f-1)
'

(y ) =L

⇒ (F)
'

( y ) =
-1
t'G-

'

(y ) )
(* )

1f f-
"

exists and f and f
"

are différentiable
,

then

(F)
'

is given by (*) .

Suppose f. 1- → J ,

Î : Ji I exists and f is différentiable at x. c- I .

Does this imphy that f-
'

is différentiable at g. = flx . ) ?



Dérivative of the inverse

Thm -29.9
.

Let f. I → J be one - to- one and continuous on I.

( i ) f is différentiable at x .

/ ⇒
f-

'

is différé fiable at yo
-
- flx. )

(ii ) f
'

(x.) # o and (F)
'

(yo ) =ftp.gproo-I
.

Need to show that Iim ÏIY ) - f- "%) Fix E > o .

Y → yo→
c- IR .

I f
'

/x.) # 0 ⇐ Iim f¥¥ =/ 0 ⇒ 78
'

txt (x. - J' ix.+F)Ux. } flx) # fbi.)
✗→Xo

¥:L
.

f¥ËË"Ë ⇒ 70 txt Ko -Sixto ) /ËÎü,
-¥, /

< E

Consider gif
"

, g
: J→ I.

0

2 Thms 18.6.18.4 ⇒ gtc ( J ) ⇒ 3- y>0 ytlyo - y , y . +y ) lgly ) - glyo) / as

} V-ytlyo-yiyoi-ymy.lt?Yfj?fY;I-,.n-fTx.s/-- |"¥ËË, / < E
Ta



Exemples
| . arcsin-s.in

"

,
arcsin c- DU- lit ) )

, (arcsin (y ) ) '=y¥
Sin :( -E. E) → f1.1 ) is a bijection ( strict /y increasing )

t ✗et E. ¥ ) sin' (a) = coslx) # 0

1-et ytfhl ) and Iet at /- ¥ . E) st . sinx = y

by Thm 29.9

arcsinisdiffentiableatyandarcsinlyt-y.IT,
= = =Ë

2. log :(0 ,
+ a) → IR is the inverse of amie

"

e
"

c- ☐ ( IR)
, (e
" )
'

-
- e
"

,

e
"

> 0

⇒ V-yelo.to ) log is différentiable at y

and ( hogy ) ! #
"Ë f-



L' Hôpital 's rule

Consider the limit lim¥ , at Rutte ,
- a }

,
SCIR

Sox → a 9K )

• if limflx) = :-[c- IR , limglxl-i.GE/Rlho } ,
then

S 3- Kia 5 > ✗+a

Iim f11
"

¥
Sax → a 9K )

• if F- ⇐ { + • ,
- • I and GE { toi - • } % | usual tools don't workF- o and 6=0 f-

f. g différentiable ⇒ try L'Hôpital 's rate



Generalized meam value theorem (Cauchy 's Thm )
7 ✗ tla , b) st . 9K ) -- x → Lacy.-1hm 30.1 figt ( (" '" ) / ⇒

(fu) - fpaygyx ) - (glb ) - gta )) -14×1=0f. GED / (ab))

Proof Consider hoc) := (Hb ) - fla ) ) gtx ) - (glb ) - gta ) ) flic /

hecllaib] )
Rolle 's Thm

HED / (air)) |⇒ 3- ✗ c- (a. b) s - t . t'(a) =u

h /a) = f- (b) gta ) - g / b) Ha /

h / b) = - Ha)g( b) + fgygpaj.hu ,

" '" '""" 9"" ) - ( 9 '" -9cal) -14×1=0

TU

1f g(b) =/ gta) i gtx) # 0 .
then tgfpfj.gl#-=fg!Y!-,



L' Hôpital 's Rute
Thm 30.2 1-et at IR and s signifie a. a+ , a-

,
+ a or - a.

Suppose that fand gare différentiable (on appropriate.ly
chose n internats ) and that Iim =L exists .

✗ → s gtx )
Then if

( i ) limflx) =/ imglx ) --0
✗ as mis / ⇒ tim = tim -1¥ =L

OR ✗→ s 9k ) x» g
' /x )

-

( Ii) Iim lglx) / = a
✗ n' S

Proof On /
y for

5- a- and for 5- + • ( other cases : exercise )



Proofof L' Hôpital 's rate
1 Suppose - • < Liste

.

Jake L , < L .

Yip exists ⇒ 3- cas s.t.f.ge Ducis ) ) , txt (cis ) g
'

/a) =/ 0

By Darboux 's thm .

either V-xc-k.SI gtx ) > 0 or V-xc-k.si gtx ) <0
Cor 29.7

⇒ { ✗ c- (c. s ) : gtx ) } has at most one point

⇒ 3- c' c- (cis ) H ✗ c- (C' is ) gtx ) # 0

Jake Kt ( Lieh) . Lily =L > K ⇒ 3- a >étreins ) > K

By Cauchy 's -1hm [xiy ]
CH is ) 7 2- c- lxiy ) sit .

(flyi-fkfg.cz ) -- (gly) - gtx)) -l'(a) ⇒ §%Ë§ = > K

fly ) - flxl flx )

If ( i ) holds , takelyifg-y.gg =

¥,
> K > Li

✗ c-His )



Proof of L' Hôpital 's rate

1f ( ii ) holds
,

then 7 dit (tris) s.t.tl [xiy] [ (x , , s ) 9"%§ > 0

⇒ v-lx.yxki.si?,YY-!gY!,-.9'Y-yY'-sk.9YjY-

⇒ §,=çÊ+t"¥ > Ç¥, + k.si?jY'---k+--jii
""

Jake the limit (for any fixed ✗ c- ( aus ) )

Iim fH§ = 0 ⇒ J Laclais) sit - H ye Ha ,
s )

y
→ s

ftp.jk-9
"
>

⇒ ÎÎ, > Kt = ¥" > ↳

Conclusion : H Li ÇL 3- ✗< < s ✗ c- (his ) §¥, > Li (A)



Proofof L' Hôpital 's rate
2 ff - • a- Lao

,
then

tl La > L 7 paas Vx c- ( Pais )
< La (B)

3 Suppose LEIR .

Fix E > °
.
Jake L , =L - E ,

↳ =L + [

(A) ⇒ 7 La < s H ✗ c- (dais ) §¥, - L > Li - L = - E

(B) ⇒ 3- pzcs Y ✗ c- ( pas ) Ç¥, - L < La - L - E

GTX)
- L / < E =) fin#⇒ txt ( max { hip} , s ) / f

'" '

✗→ s gtx )
=L

Suppose ↳ + •
. Fix M > a. Take 4=14 .

(A) ⇒ 3- Lacs txt (his ) ¥ > M ⇒ lion # = +
• =L

gtx) ✗ → s gtx )

suppose 4- - * . Fix M > 0 - Jake ↳ = - M ⇒ ¥YÇ¥= - •

re



Example

I
.

For
any

NO

tim IOGX
✗ →
t.ae#--!i?.aL---o

✗ →+• JE
= Iim

2. Y a> I and ☐ < ✗ < n

Iim X
"

✗ x
"

✗ (✗ - 1) ×
" '

✗→ta ☒
=
Iim
✗→+a ⇒x

= / im
✗→ ta ¥Œ=

✗ (✗ - 1) - - - ( d - n -11 ) x
" "

= _ . . = Iim
✗ → ta ( logo )

" ax
= 0

3. Iim SILI = Iim
✗→o

= |
✗→ 0



Exemples
3. f : IR → (Oita ) ,

flx) = a
"

( a > 0 ,
a # 1)

1- 28.4

f- (a) = et
"Ie""" ⇒ V-xc.IR f

'

/x ) = e
" ' "' "

. toga -_ a
"

. /oga

4. toga :(0.to ) → IR is the inverse of xmia
"

,
V-xc.IR a

"
>o

,

so logaEDKO.to )) and

/ 1-29.9 a"=y -1
( logay) = 1- = logo

.

]logo .ci


