
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 9:

Homework 8 (due Sunday, March 6)

Today: Mean Value Theorem 
> Q&A: February 28

Next: Ross § 30

@



Fermat 's Theorem

Thm 29.1 (i ) f :(ai b) → IR
,

xotla.to )

(ii ) f assumes its max or min at x. / ⇒ f 'lxo ) = 0
(iii ) f

'

/ ✗ o ) exists

Profs
. Suppose that f assumes its max at xo (otherWise fake - f )

.

1f / im t-Il = f '(xo ) > 0 ,

then IS>o text (x. -Six. +5)
✗→ Xo

/ fkI.tk?l--f'ixo)f-'# = fÇ¥ > > o ,

so txt (Xo ix.+8) flx )- f-(Xo ) > 0 ⇐> f(x ) > flxo ) contradiction

Therefore
, f

'

Ko ) EO .
Similar argument shows that f

'

(xo ) 20 as



Critica points

'd il

a b



Rollès Theorem

Notation : If SCIR then

• fec (5) means that f is continuous on S

• fe D ( s ) means that f is différentiable ons

hm 29.2
( i ) ft C / [a ,

b])

( Ii ) FE D ( (aib)) (⇒ 7 ce (aib) s. -1 . t' (c) = o
(iiilf /a) =f( b)

1700f
. By the maximum -value theorem (Thm 18.1 )

J x. , yo c- [a. b] s -t.tl ✗ c- [aib] f- (x. ) Eflx ) « Hyo )

1f { xo , yo } = {a ,
b }

,
then flxo ) = Hyo / ⇒ txt [a. b) flx ) = f- (a) ,

t'1×1=0

1f yo C- Ca , b) ,
then by Thm 29.1 f

'

/yo / = 0

1f ✗☐
c- la , b)

,
then by Thm 29.1 t' 1×01=0 Toi



Rolle 's Theorem

~.

a b



Meam - value Theorem ( Lagrange 's Theorem )

hm 29.3

( i ) ft ( ( [aib] )

( ii ) ft ☐ ( (a.b)) / ⇒ J' c- (a' b) s.tt/b)-fla)=f'(c) ( b- a)

Proot
.

Dénote F :[a. b) → IR
,
Flx) = flx) - ftp.jf# (x -a)

Then f- c- Chaib] )
Rolle's Thin

FED ( ( aib ) ) /⇒ ] cela , b) st . t'(c) =o

f- (a) = f- (b) = fla)

since t' (c) = -l'(c) - ¥"=o , we get f- (b) - f- (a) = t'(c) ( b-a)

TU



Meam - value Theorem ( Lagrange 's Theorem )

n
a µ

a b



Corolla ries

Cor.2→ ( i ) f- c- D / (aib ) ) / ⇒ 7 [ c- IR s
.
-1
.

txe (aib ) f /a)=L

( ii ) f
'
= 0 on (aib )

Prof ( By contradiction) . 1f 7 x.ge/aib)s.t.flx)--fly ) ,
then by Lagrange's Thm 3- ce (x . y ) s . -1 . t' (c) = ftp.t?Y-

¥
ta

Cor2 ( i ) f. GED / (aib ) )

(Ii ) fég ' on (a , b) /⇒ 7 CE /R s -
t

-
f- gtc on (ce , b)

Profs Apply Cor
.
29.4 to f- g :

ma



Application of Thms 29.1-29-3

1)

V-x.ge/Rlsinx-sinylElx-ylFixx.yc-lR
,
✗ < y .

sine ( ( [ a. y] ) ,
sine ☐ ( (Ny ))

,
>O by Lagrange 's thm

3- [ c- (Xiv ) St . Sing - sine = Sinti ) (y - x ) and thus

lsiny-sinxl-lcosclly-xlc-ly.at

2) H x , y c- [ I , to ) / Fc - Ty / ± { / x - y /

Fix x , y c- [ I , to ) , ✗ < y .

Letf :[o.to ) → [o , to ) ,
f14) = Tu . Then

ftcfxiy]) , f- c- D / (xiy ) ) , so by Lagrange 's Thm

J ( c- ( xiy ) set . fly ) - flx ) = t' (c) ( y - x ) , t'(c) =¥ ,
and thus

If /y ) - flx ) / =# ly - x / & Ely - ✗ 1

µg



Application of Thms 29.1-29-3

3) txt IR ÉIHX
, equality on /

y
at x -0

1-et x> 0
,
flu ) = e

"

.

ft ( ( [0.x] )
,
ft ☐ ( ( o , x ))

,

t'(a) = e
"

,

so

by Lagrange 's -1hm 7 ce /oix ) s.t.fm ) - f10 ) = l' (x - o ) > x

( since e
'

> é= , )

1f ✗ < 0
, apply Lagrange 's -1hm to ft ( ( [xio ]) ,

FED / (x , o ))
.

Then ICE ( x , o ) s - t
. f- (o ) - flx ) = é (o - x ) < - x

Therefore
,
H x # O e

"

> ltx



Monotonie functions and the meam - value theorem

Del
.

29.6 1-et IC-IR be an interval
,
f. I → IR

.

We soy that

• f is strict /y increasing on I if H x
, y c- I ( ✗ < y ⇒ flx ) < fly ) )

• fis strict /y decreasing on I if H x
, y c- I ( ✗ < y ⇒ flx ) > fly ) )

• f is increasing on I if H x
, y c- I ( ✗ < y ⇒ ftx ) « fly ) )

• fis decreasing on I if H x
, y c- I ( ✗ < y ⇒ ftx ) > fly ) )

cor29.7-fc-Dlla.to ) ) .

Then

(i ) f is strict /y increasing on (a. b) if f
'

(x ) > o for all ✗ c- (aib )

(ii ) f is strict /y decreasing on (a. b) if t' (a) < o for all ✗ c- (ab )

( Iii ) f is increasing on (a. b) if fix ) > o for all ✗ c- (aib )

(Iv ) f is decreasing on (a. b) if f
'

(a) EO for all ✗ c- Ca , b)

Prof
.

( Ii) Jake xiyelaib) ,
✗ <y . By Lagrange's thm Jcelxiy ) st .

fly ) - fl x) = -l'(c) ( y - x) <0 TU



Intermediate - value theorem for dérivative (Darboux 's Thm)

Thm2 FED ( (aib))
,
x
, ,
✗at (ai b)

,
xiexz

.

( i ) fix , ) < ff12 ) ⇒ tce (f
'

(x )
,
f
'

(x, ) ) 7 ✗ c- (xiixz ) s -t . f
'
(x ) -- C

( ii ) fix , ) > fixa ) ⇒ H et ( f
'

(xa ) , f41 ,) ) 3- ✗ c- (x , , ✗r ) s -
t - t'(a) = C

Procol : ( i ) Fix ce ff434 ) , -l'Ix,) ) .
* gai )

Consider gtx) = f11) - cx . Then
guid

gc-cllx.im ] ) ,
by Thm 18.1 (Max - value ) v.

] ✗of [ x , , xz ] 5.t.lt ✗ c- [ xiixz] gtx) zglxo )

2 g
'

/x , ) <0cg
'

(xa )
DX

,

"
Xz

Iim Gtx) - gtx .)
✗ → × ,

Lo ⇒ 3- do V-xc-lxiix.rs) 9"Ï¥ < o ⇒ xo # x ,

Simi tarly ,

Xo # Xz
.

So Xo c- (Xixe)
Fermat's Thm

3 g.ED (txiki)) ⇒ g.
'

(Xo ) = 0 ⇒ g.
'

( xo) = f
'

(x . ) - C --0 ⇒ f
'

/xo / = C.
Es


