
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 7:

Homework 6 (due Sunday, February 20)

Midterm 2 (Wednesday, February 23): Lectures 8-16

Today: Limits of functions 
> Q&A: February 18

Next: Ross § 28

:



Limit of a function . E- E definition

D 20.12 Let f be a functions defined on SCIR
,
/et a c- IR be a limit

of some sequence in S .

Iet LER
.

We soy that f tends tu L as

x tends to a dongs if

Thm 20.6 Definitions 20 . I and 20.12 are equivalent .

Prof (⇒ ) Suppose that (*) does not hold :

(⇐ ) 1-et (xn) be a sequence ,V-nxnc-S.limxn-a.FM/Eso.Take8 as in (*)
.

Iim xn = a ⇒

By (*) tn> N



Limit of a function . E- E definition

☐ 20.13 Suppose that f is defined on (a- C ,
a+c)\ {a} for some c> o .

a) We soy that L is the (two
- sided) limit off at a if

" '
↳ ☒

(b) We soy that L is the right
- hand limit off at a if

(c) We soy that L is the left - hand limit off at a if

Corolla
ry 20.7-20.8

Definitions 20.3 (a)
,
( b)

,
(c) and 20.13 (a ) , ( b ) , (c)

are equivalent .

Prout Follows from Thm 20.6 by Special izinq
(a) , ( b ) ,

(c )



Limitofafunction

Suppose f :S → IR ,
a. Le IR

Def

• limflx) =L ⇐
✗ → to

Def

• limftx) = + a <⇒

✗ → to

Def
• Iimflx) = - • ⇒

✗ → to

Def

• limf /a) =L <⇒ HE > o 3- t > o ( ✗ < - t ⇒ Ifla ) - L / < E)
✗ → - a

Def
• limflx) = + • ⇒ M > o 3- t > o ( ✗< - t ⇒ Fix ) > M )

✗ → - a

☐et

• limflx) = + a ⇐ Y Mso 75>0 / la- a / < 5 ⇒ ftx) > M )
✗ → a

Def

• Iimftx ) = + a ⇒ KM > 078>0 / ✗ c- ( a-5.a) ⇒ floc) > M )
✗→ a-



Two - sided limits and left - hand / right -hand limit

Thm 20.10

et f be a function defined on J\{a} for some open Interval J

containing a c- IR .
1-et Le /Rutter , - a }

.
Then

limflx ) =L ⇐> tim flx) =L A Iimflx) =L
✗→a ✗→ at ✗ → a-

Prix
.

(⇒ ) Exercise

⇐ ) Suppose LEIR .

Fix E > 0
.

Suppose 4- + • .
Fix M > 0 .



Example

)

2) Leta > 1
, PEN ,

f.IR → IR
,
flx) = . Then

Fix E > o . By IEG

Then and



Squeeze Lemma
hm

-

20.14 1-et f. g. h :S → IR
,
txt S fa) « gtx) « hk)

Let a
,
LE Rutte ,

- • }
.

1f limflx) =/ imhlx) =L
,

then
Santa sa ✗→ a

Pret
.

Jake any sequence ( sa) in S sit .
limsn -_ a

.

Then

IE l2 Iim ( It # F- e .

Fix { so . By IE from Lecture 7
,

✗ → a

and thus

⇒


