
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 7:

Homework 6 (due Sunday, February 20)

Midterm 2 (Wednesday, February 23): Lectures 8-16

Today: Limits of functions 
> Q&A: February 18

Next: Ross § 28

:



Limit of a function . E- E definition

D 20.12 Let f be a functions defined on SCIR
,
/et AER be a limit

of some sequence in S .

Iet LER
.

We soy that f tends tu L as

x tends to a dongs if

V-E > o 78> o txt S ( / x - a / < 8 ⇒ Ifla) - L/ < E ) (☒ )

Thm 20.6 Definitions 20 - I and 20.12 are equivalent .

Prof (⇒ ) Suppose that (*) does not hold :

JE > o the A- 3- xnes ( lance / < tn ^ HIN - LI ZE )
⇒ 7 (xn) s .

t.tn ✗ne 5
,
limxn-a.vn/flxn)-LlzE

contradiction to D 20.1

(⇐ ) 1-et (xn) be a sequence ,
tn Ines

,
limxn -_ a. [show limflxn> =L]

Fix Eso .

Jake 8 as in (*)
.

Iim xn = a ⇒ 3- N tn > N / xn - al <5

By (*) tn> N lflxn ) - L / LE ⇒ limflxn) =L
ta



Limit of a function . E- E definition

☐ 20.13 Suppose that f is defined on (a- c. aie )\{a} for some c> o .

a) We soy that L is the two
- sided) limit off at a if

" '
↳ ☒

HE > 0 75>0 ( o < Ix - a/ <S ⇒ Ifla) - L / < E)
,

limftx) =L
✗→a

(b) We soy that L is the right
- hand limit off at a if

Eso 38> o ( ✗ c- la ,
ato) ⇒ Ifla) - L / < E) ,

Iimftx) =L
✗→ cet

(c) We soy that L is the left - hand limit off at a if

V-E> o 75> o ( x c- (a- 5. a) ⇒ Ifla ) - L/ < E)
,
limflx ) =L
✗→ a-

Corolla
ry 20.7-20.8

Definitions 20.3 (a)
,
( b)

,
(c) and 20.13 (a ) , ( b ) , (c)

are equivalent .

Prout Follows from Thm 20.6 by Special izinq
(a) 5- la -c. ai-c) \ {a} , (b) 5-- la , arc) , (c ) S

-
_ (a- c. a)



Limitofafunction

Suppose f :S → IR ,
a. Le IR

Def

• limflx) =L ⇐ HE>0 3- t > o ( x > t ⇒ Ifla) - L/ < E)
✗ → to

Def

• limftx) -_ + a <⇒ HM > 0 3- t > o ( x> t ⇒ f- (x) > M )
✗ → to

Def
• Iimflx) = - • ⇒ Y µ > 0 3- t > o ( x > t ⇒ f- (a) < - M )

✗ → to

Def

• limf /a) =L <⇒ HE > o 3- t > o ( ✗ < - t ⇒ Ifla ) - L / < E)
✗ → - a

Def
• limflx) = + • ⇐ M > o 3- t > o ( ✗< - t ⇒ Fix ) > M )

✗ → - a

☐et

• limflx) = + a ⇐ Y Mso 75>0 / la- a / < 5 ⇒ ftx) > M )
✗ → a

Def

• Iimftx ) = + a ⇒ KM > 0 78>0 ( ✗ c- ( a-5.a) ⇒ floc) > M )
✗→ a-



Two - sided limits and left - hand / right -hand limit

Thm 20.10

et f be a function defined on J\{a} for some open Interval J

containing a c- IR .
1-et Le IRU {toi - a }

.
Then

firnaflx ) =L ⇒ Iim FH) =L A Iimflx) =L
✗→ at ✗ → a-

Prix
.

(⇒ ) Exercise

⇐ ) Suppose LEIR .

Fix E > 0
.

3- 5, > o ( ✗ c- (ai atsi ) ⇒ lflx ) - L / < E)
% > ° (✗ c- ( a-Sa , a) ⇒ 1f , ,, , - , / < g) /⇒

d' = min {Fifa }

( o < la- cet <J ⇒ Ifla ) - L / <E)
Suppose 4- + • .

Fix M > 0 .

3- Si > o ( ✗ c- Ca ,
ai-Je ) ⇒ f- (x ) > M ) /⇒

F- min {Si , Si }

782 > o ( ✗ c- ( a- Si ,a) ⇒ flx ) s M) (oc /x-al <
5 ⇒ f- (x) > M )



E-✗amples

) Iim sin¥ =/
✗→ 0

gly )
-

_ {
s'¥ , y #

0

,
, y = ,

is continuous at o
,
and defined on R

f- (a) = 7-x
,
Iim flx ) = 0 /⇒ / im got (x) = go ) =\

✗→ 0
✗→ 0

2) Let a > 1
, PEN ,

f : IR → IR
,
flx) = . Then

Iim Ë=o
✗→ to

Fix E > 0 . BylE6IimnanP___o-_lim@tanI-_on-io-s7N-VnsNCntanI.cE
Then Vx > NH [x] > N and /¥ / =Ë- ± (Ë¥ < ce



Squeeze Lemma
hm

-

20.14 1-et f. g. h :S → IR
,
txt S fa) « gtx) « hk)

Let a
,
LE IRU { + ai - • }

.

1f limflx) =/ imhlx) =L
,

then limglx ) =L
Santa sa ✗→ a Sax→ a

Pret
.

Jake any sequence ( sa) in S sit .
limsn -_ a

.

Then
T9.tl

Hn flsn ) « glsn ) « hlsn )
,
limflsn ) -_ limhlsn ) =L ⇒ timglxnl-L.gg

JE 12 Iim ( It # F- e .

Fix { so . By IE from Lecture 7
,

✗ → a

limllt-LY-limllt-t.tn"=e and thus Iim (1+4-+1)! / im /HÉ
"

/HÉ"=e

⇒ 3- Ni Un > N
, / (HÉ,)

"

- ELLE
, 3- Nz tn> Nz / ( Itn )

""
- e / < E

H x > Max { Ni , Ni } tl
[×] [x) -11

-« ( / +
[¥ , ) -⇐ l'

+ E)
"

- e « ( HÉ,) - e <E
☐•


