
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 7:

Homework 6 (due Sunday, February 20)

Midterm 2 (Wednesday, February 23): Lectures 8-16

Today: Limits of functions 
> Q&A: February 16

Next: Ross § 20

:



Limit of a Function

Def 17.1 (Continuity ) . Let f be areal - valued function
,
dom CR

.

Function f is continuous at ✗☐ c- dom (f) if for any sequence

(xn ) in dom (f) converging to ✗o
,
we have linn flxn ) = Hxo )

( im flxn ) = f ( Iim xn )

Def 20.1 ( Limit of a function ) H1-et SCIR
,
a

,
LE IRU { - • .

+ • }
, suppose

that there is a sequence
in S for which

a is the limit . 1-et f :S → IR be a function .

We soy that f tends to Las x tends to a along S ,
or that

L is the limit off as x tends to a a long 5. if for euery sequence
(xn ) in S ( )

.

Notation



Limit of a Function

Definitions 20.3

(a) We soy that f tends to Las x utends to a. or that L is the (two - sided )(
limit of f as x tends to a if limflx ) =L

Sax→ a

for S = ; Iimflx ) =L
✗→ a

(b) L is the right - hand limit off at a if

limflx) =L for S = with c > o . limflx ) =L
sa ✗→a

'

✗ →a+ _-
(c) L is the left - hand limit off at a if

-

limflx) =L for S = with c > o . Iimflx ) =L
sa ✗→a

'
✗→ a-

(d) / imflx) =L ⇒ limflx )=L for S =
,
a- IR

✗ → ta sa ✗→ + •

/ imflx) =L ⇒ limflx )=L for S =
,
a- IR

✗ → - • Sa ✗→ - a



E-✗amples

1) tim xsin / ¥ ) = O '

.

✗ → O
'

i

.

i
.

.

'

'

Jake any Cso
.
Jake any sequence \

.
.

-

(xn) in ( - c. c) \ {0 } st . limxn = O
- Then Nir:&•

'

"
'

i

.x # xsin (¥ ) is Welt - defined for all xn .
,

,

'

Fix E > o
.

i
'

i
.

2) Iim xsin /E) =L
✗→ to

Tuke any
c> 0

.
Toke any sequence (xn) in (citer ) , limxn = + a.

Dénote yn = ¥ .

Then by T.9.IO



Lim its and arithmetic Operations
Thm 20.4

_

et f, and fa be functions for which the limit

↳= tim flx) and ↳ = / imfz (x ) exist and are finite
.

Then
G-✗→ a

'

Sox→ a

( i ) Iim (f , + fa ) (x) =L ,
+ La (ii ) Iim (fifa) (x) =L,

- La
sa✗→ a Sarnia

( iii ) if ↳ =/ o and { (x ) # O for ✗c- 5
,
then Iim ¥ (x ) = ¥

Sax→ a
La

Proof Follows from Thm
.

9.3
,
9.4

,
9.6 .

Jake any sequence ( xn) in S that concierges to a. Then

tim f. (xn ) =L , ,
Iim fa ( xn ) = La .

Then

(i ) By Thm 9.3 Iim ( f. (xn) + Çlxn )) = limfilxn ) + Iimfzlxn) =L ,
+ La

(Ii ) By Thm 9.4 limffilxn) . fa (xn)) = limfilxn ) - limfzlxn ) =L , - La

(iii ) Bythms.slim.FI?,--!?m.t!I?--- Ë ☐•



Limit of a composition of functions

Thm 20.5

(a) limflx) =L
sa ✗→ a

(b) g is defined on { flx) : >ces } U { L } /⇒
(c) g is continuous at L

Proof 1-et (xn) be a sequence in
S

,
limxn = a.

(a) ⇒

(b) + (c) ⇒

Example

f- (x) = sinon , g (x)
=

sgn (x ) - not continuous at o . Then

for ✗ c- t'E. E) got (x) =



E-✗amples

4) flx) = sgn ( x)
=/ '

'
" ' °

| 0,1=0 -- I
,
✗ < 0

tim sgnlx ) =L : Iet (xn) be a sequence ,
_

✗→ 0-1

✗ne (Oil )
,
limxn = 0 .

Then

Iim sgnlx) does not exist : Jake a sequence
✗→0

limxn --0
,

but diverge .

5) flx) = ,
not defined at ✗ =L

/ im = + a : fake (xn) , limxn =L ,
xn > 1

✗ → pt x
- I

Fix M > 0
,

G) 1ff :S → IR is continuous at at S
,
then tim f- (a) = Ha )

S#→ a

0¥, is continuous at ✗ = -1



Important example Il

(A)Leta> I. Then

Jake any sequence (xn ) in 112140 }
,
liman = 0

.
Fix E > o

.

I By / E4

2 By IE 4 and Thm 9.5

s Jake
; Iim xn -0 ⇒

4

(B) Let a > I . Then xtra
"

.
Jake x. c- R

,

take An) , xn # Xo ,
limxn -_ xo

.

Then



Important example Il

(c) Y a > 0
,

xmia
" is continuous on IR

1f a c- (Oil) , then Hae IR
,
where

is continuous by (B ) ,

is continuous by Thm 17.3

composition gof (x) is continuous (on IR) by Thm 17.5

1f a-- I
,
then a

"
=/ tx

,
continuous

.

(D) Y a > o
,
a# 1

, xtilogax is continues on (Oita ) by Thm 18.4

✗ → a
" is strict / y increasing (ce > i) or strict 'y decreasing ( ail )

and Maps IR to (Oita)


