
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Today: Properties of continuous functions  
> Q&A: February 9

Next: Ross § 19
Week 6:

Homework 5 (due Sunday, February 13)

Homework 3 regrades Tuesday, February 8
:



The maximum- value theorem

Def
.
18.7 1-et f be a function and /et Acdom (f)

.

f is Callet

banded on A if
.

Thm 18.1 1-et f be a function
,
[a. b) < dom (f)

,

f is continuous on [a, b]

Then (i )

( ii )

PRI (i ) Suppose that f is not bounded on [aib]
⇒

' (xn) is bounded

2 HK as ✗nn Ets

} Î c- [a , b]
,
f cont . on [a, b]



The maximum- value theorem

Proof ( ii) Dénote M :=
. By ( i ) ,

i M - sup { flic) : ✗ c-[aib] }

2 tn ( M - f- < flxn) « M )
3 Hn (✗ne fait])
4 yo c- [aib] ⇒ f is continuous at yo

⇒ by

( Exercise : prove that 7 xo c- [ai b) sit
.
Axe [ai b) ( Hao) «Hx))

Example

) the) = ¥ [ 2) flx) = x
'

• continuous on (0,1] • cont on [0,1) µ
• unbounded on (0,1 ]
_

. no maximum

on [0,1)



Intermediate value theorem

Thm 18.2 1-et f be continuous on the Interval ICIR .
Leta , be I

St a < b. Then

(i ) f (a) <Hb) and y c- (Ha) ,ftb))
(ii ) f- (a)> Hb) and y c- (Hb) ,fla))

Proofl Consider 5- { ✗ c- [a. b) : flxl > y }

' AES
, sup Sza , sup (5) a- suplaib]

-
- bn

.

⇒

: :

Then

3 Define tn :=



Image of an interval
Cor

.

18.3 1-et f be continuous on the Interval I
.

Then

f / I) - { flx) : ✗ c- I }

proof-lfv-xc-Iflxt-yo.thenflII-yo.tl
_
et y , < ya c- f /I )

.

Then

1-et yelyi.gr ) .
• 1f x, < xz

,
then

⇒

• 1f x, < x , ,
then

⇒

a 1-et inff /I) < sup
-HI )

-Then
y c- ( infflt) , sup f-(I))



E-✗amples

1) Sin :( 0,21T ) → IR

Sin / (QZIT ) ) < [- | , , ]

/

2) f :[ - lit] → IR ,
f- (x) = sgn (x)

=/ ' ' ' ✗
< °

/ 0 ,
✗ = O

I
,
x > 0

ff-1,1]) =
a-

-1=-11 - E) < f10)=o
•

But V-ytfi.io ) -0

{ ✗ c- 1-Eio) : flx) -_ y } =D



Continuity of strict /y increasing functions .

Def 18.8 Function f is ca /Ied

(strict /y ) increasing if ✗ < y ⇒ f- (x) « fly) ( flic) < f- (y ) )
( strict ly ) decreasing if ✗ < y ⇒ flx ) > fly ) (fix ) > fly) )

Thm 18.5 1-et g be strict ly increasing function on Interval J.

1f g ( J )
is an Interval , then

17¥
.

1-et ✗☐ E J , xo > Inf J ,
xo < sup J .

Then

Verify the E - J Definition of Continuity .

Fix E > 0
,
[ < Eo

.

Then

Now ,
H ✗ c- (x, , ar)

Jake Then



Inverse function

Def 18.9 Function f : ✗→ Y is Callet one - to - one (or bijection )
if and !
""P
" si" "

' ¥ ] " " " " " °" -"' °"

:
Sin :[ 0,1T] → [Oil] is not one - to - one

/
it

I

Def 18.10 1-et f :X → Y be a bijection ,
✗ = f- (X)

.

Then the function given by ( )
is Callet the inverse of f. In particular

Example • Sin :[¥ . Ê ] → [-lit] ,

• f :[ o , to ) → (0,1-0) ,
f- (a) = Xm

,

• 1f f is strict/ y increasing (decreasing ) on ✗ ,then f. ✗→ FIX ) is

a bijection



Continuity and the inverse function
Thm 18.4 1-et f be a continuous strict ly increasing function

on some Interval I
.
Then F- f ( I) is an Interval and

f-! g- → I is

Proof i f
"

is strictly increasing : Take y , , y> c- J
, y , < ya

Denote x ,
= f-

"

Iyi) ,
✗a = Flip ) . Then

If x
, Exa ,

then

2 J is an Interval : By Cor
.
18.3 J is either an or

a . Since f is strict /y increasing ,
J is an

3 1 2 -



One - to - one continuous functions

Thm 18.6 1-et f be a one - to - one continuous function on an

Interval I . Then f is or

Prit
.

I If a < bac then either or

Otherwise
,

or

1f f- (b) > max { flalifk) }
,

chose

Then by Thm 18.2

- Simi tarly when f- (b) < min { Ha ) , fk) } .

2 Jake any aocbo
.
1f flao) < Hbo) ,

then f is on I
.

is Simi tarly ,
if Hao) > Hbo) ,

then f is decreasing .



-1lb) - - - - - - - - - -
- - -

•

f (c) . - - - - - - - - - - - - - - - - - •

fla) -
- - - - - - •

p p p

a b C


