MATH 142A: Introduction to Analysis

Today: Properties of continuous functions
> Q&A: February 9
Next: Ross § 19

Week 6:
Homework 5 (due Sunday, February 13)

Homework 3 regrades Tuesday, February 8



The maximum-value theorem
Def 18.3 Let § be o function ond let Acdom®) . £is called
bounded on A if .
Thm 181 Let £ be o function, [abJc dom(¥), £ is continuous on [a,b]
Then ()
Gi)
Proot (1) Suppose that { is not bounded on taib)
=
® (%w) is bounded
® Yk  aexnceh
® xelab) £ cont. onfab)




The moaximum-volue theorew

Proof (i) Denote M= : PD\J (),

®© M=sup {£6): xeTaib])
@ Vn (M-gefb)em)
@ Yn (Ine[a\b'l)
®  Yoeloubl 5 £ 15 continuous at yo
> \3‘3
(Exercise: prove that 3 xeefaib] st.  Vxe fah) (o) 4 £/x))

EXmmP\es

) 'H'l\zi- 9) F() =2
. continuous on  (0,1] . cont on (0,1
« wnbounded ow (00 | ¢ NO MoXIMUM

on [o,1)



Intermediate value theorem
Thw 8.2 Let f be contimuous on the interval TcR. Let abeT
st a<¢h  Then
() f()<£(6) and ye (He) F()
Gi) F(@>£(5) and ye (£ F(@)
Proot (1) Consider S= { xefaiby —F(:c)>\j‘J

O aeS. gu?SZOL‘Su‘)(S)SSU.‘)fN\o—]‘b
‘4

®

Then
@ .DQ‘(:\'Y\-Q 'th =




Image of an (nterval
Cor. 182  Let § be continuous on the interval T. Then

f(D={+b): xeTy

Proof 1§ ¥ xe T £(2)=yo | thew (1) =ys.
O Let Yi¢y. e F(1). Then

| et ye (Y1 42) .

v x| then

£_>

JF xex,, 4hen
5
® Let inf £ ¢ supF(1) Then \ y e (inf £11), sup £0))



Exomples

) swn: (o,2m) - R

stn ((02m)) c [-1,17

2) 4 >R, ()= sgnfx) {

f-11) =
= f(-£)c £lo) =0

But ¥ Y€ (—1.0)

{’Xe(—i\o\: ?TI)z*jﬁ =&



Continuwty of Stricﬂj wnereasing  fypnctions .
Def 18.8 Function £ s cofled
(strictly) increasing i xcy 3 £ ££ly) (‘F(*)<\C(‘3)>
(s{‘ric‘r\uﬂ éecreus'\v\3 £ 1Ly -F(:L)?--p(")) (.(l(x) >‘F(j)>
Thm 18.5 Let 3 be strictly ‘\V\CFQC\.S'\V\S function on nterwl J

\f 3( 3) is an infervad | thew

Proo‘g . Let Xo € J‘ Aes > ‘\V\‘F .] | Xo< .SQP j_ ‘_rb\.ev\

\Je_rhrts the €-T definition ot contiwuity . Fix €>0, £¢&..
Then

Now | ¥ xe (x,7)

To ke Thewn



lnverse  function
Det 18.9 Function +:X- 7’ is called one-to-one (or bf‘)‘ec-h‘on)
W and

Exomple sin: (¥, TT]-,1) is one-to-one

1) 2 '
Sth: [0, T = [ou) s not one-to- OV\e_/ .‘i \
2
Def 1810 Let §:X5Y be o b(jcct(on, Y= £(X).
Then the Function S'NQV\ by ( )

is called the inverse of §. In particular
Example - stn:FLI o [0
« filoire) (05 o) =1
1 £ s strictly increasing (decreating)on X (thew £ X2 £04) &

Qo 'oi:\e ction




COV\‘E\V\—UL“U\ and the tnverse function

Thm 18. 4 et 4 be o continuous striduj ]vxcrmsih3 finc tion
on some tnferval T, Then J=4(1) is an tnterval and

327 1
Proot ® -{:\ 'S S’(r(chLJ '\ncrmsimj . Take Yo g € J . iy

Denote %24 (4) | % =—f-|(\]1), “Then

|'€ I—| Z 17_ “LL\Q“
@ J is an wnterval P;»j Cor.18.3 T is either o or
o . Since '? S S‘\'ric.’rl\j iV\CFEGS'\h3 L J 1S o

® O+



One - to-one  continuous functions

Thm 186 Let § be o one-to-one continuouws function on oM

wmterval I Then £ s or
Proot @ W a¢bee then either of
Otherwise or

\

£ £(b)>mox {$(a) f(c)y _ choose
Then \»3 Thm 8.2

_ Sim'\‘m(sj when {(MLM\‘\'\{-WQ%HC)&.
@ lale any Ro¢bs . |§ F@s) ¢ f(he) ,than £ is on 1.

® Stmilarly 1§ £(00)> £ (o) ,then £ s decreasing .
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