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Today: Properties of continuous functions  
> Q&A: February 9

Next: Ross § 19
Week 6:

Homework 5 (due Sunday, February 13)

Homework 3 regrades Tuesday, February 8
:



The maximum- value theorem

Def
.
18.7 1-et f be a function and /et Acdom (f)

.

fiscal Ied

bounded on A if 7 M > o txt A Iflx) / EN

Thm 18.1 1-et fbe a function
,
[a. b) < dom (f)

,

fis continuons on [a. b]

Then (i ) f is bounded on [ aib]

( Ii ) 7 xo , yo C- [a. b) 5. t.tl ✗c- [a. b) (1-1×0)<-1-4 ) E Hyo))
Emin value Emax value

PRI (i ) Suppose that f is not bounded on [aib]
⇒ Hnt AU 7 ✗ne [a. b) s- t lflxn ) / > n (* )

i (xn) is bounded ÎÏ 7 (Xx) s . t . (Xun ) converge
T.9.tl

2 HK as Xn" Eb ⇒ Iim Xnk = : Î c- [aib]

3 Î c- [a. b]
,
f cont . on [a. b)TÎÏ

}

1ff is cont . at I

⇒ limlflxnic) / =/ f- ( I) / ⇒ J N H K > N ( HANK) / < 1f15)/H)
contradiction to Al .



The maximum- value theorem

Proof ( ii) Dénote M - sup { flx) : ✗ c- [aib ] } . By ( i ) ,
Mata

I M - sup { flic) : ✗ c-[aib] } ⇒ tn 7 ✗ne [aib] (M- tn < flxn) « M)
z tn ( M - f- < flxn) « M ) j

"
limflxn ) = M

3 Hn (✗ne [aib])ÎÎ 7 (Knx ) 7 yot [aib] st . Iim ✗ne -_ yo

4 yo c- [aib] ⇒ f is continuous at yo ⇒ limflxnu )
= f- (yo )

⇒ by T 11.3 flyo ) = M ⇒ ✗ c- [a. b) ( floc) Eflyo))

( Exercise : prove that 7 ✗☐ c- [ai b) sit
. V-xc.la , b) ( fluo) «Hx))

DU

Example

) the) = ¥ [ 2) flx) = x
'

• continuous on (0,1] • cont on [0,1) µ
• unbounded on (0,1 ]
_

. no maximum

on [0,1)



Intermediate value theorem

Thm 18.2 1-et f be continuous on the Interval ICIR .
Leta , be I

St a < b. Then

(i ) f (a) <Hb) and y c- (Ha) ,ftb)) ⇒ 7 ✗ c- (aib ) st . f- (x) -- y

(ii ) f- (a)> Hb) and y c- (f- (b) ifla)) ⇒ 3- ✗ c- (aib ) s - t .

flx)=y

Proofl Consider 5- { ✗ c- [a. b) : flxl > y }
Hal

' AES
, sup Sza , sup (5) ⇐ suplaibt.by -

⇒ sup S = : Ko c- [a. b ]
a- a - t - -f-§

a V-nc-N-J-snc-SS.to Xo - tn < SNEXO Hb) inhumain ,i
a Ko b

Then limsn -_ xo A flsn ) > y Af cont at x. ⇒ ffxo ) =/ imflsnl > y

} Define tn := min { xottnib } .

tn tn c- [ai b)15 ⇒ V-nfltnl.ly
② +③

Iimtn = xo ⇒ ftxo ) = limfltn ) « y ⇒ flxo ) --y ⇒ ✗☐ c- Ca . b)



Image of an interval
Cor

.

18.3 1-et f be continuous on the Interval I
.

Then

f / I) { flx) : ✗ c- I } is an interval or a single point .

proof-lfv-xc-Iflxt-yo.thenflII-yo.tl
_
et y , < ya c- f /I )

.

Then 7 x , , >ca c- I set . flxit-y.fm )=y ,

1-et yelyi.gr ) .
• 1f x, < xz

,
then by Thm 18.2 / i ) 7 xoe (x , , x , )CI s - t - ftxo)=y

⇒ y c- HI )

• 1f x, < x , ,
then by Thm 18.2 ( ii ) 7 xo c- (xxxi )CI s - t

. flxo ) -_ y

⇒ yt t'I) .

2 [et inff /I) < supflt ) -Then
y c- ( infflt) , sup f-(I)) 3- yiiy , c- f-(I)

set . y , < y <yz ⇒ y c- f (I) ⇒ f- (I) > ( inf f- (I) , sup f- (I))
☐•



E-✗amples

1) Sin :( 0,21T ) → IR

Sin / (QZIT ) ) < [- | , , ]

/
sin(E) =L

Sin / ¥ )= - , / ⇒ [ ' ' il] csin / ( azi ))
2) f :[ - lit] → IR ,

f- (x) = sgn (x)
=/ ' ' ' ✗

< °

/ 0 ,
✗ = O

I
,
x > 0

ff-1,1])={ -4011 }
a-

-1=-11 - E) < f10)=o
•

But V-ytfi.io ) -0

{ ✗ c- 1-Eio) : flx) -_ y } =D



Continuity of strict /y increasing functions .

Def 18.8 Function f is ca /Ied

(strict /y ) increasing if ✗ < y ⇒ f- (x) « fly ) ( the) < fly ) )

( strict ly ) decreasingifx < y ⇒ f- (a) zfly ) ( fix ) > fly ) )
Thm 18.5 1-et g be strict 'y increasing function on Interval J.

1f g( J ) is an Interval , then g is continuous of j

17¥
.

1-et XOEJ
,
xo > Inf J ,

✗☐ < sup J .

Then glxo ) > infg (J )

glxo ) < sup g. ( J ) ⇒ 3- Eo > o s - t - ( gpc . ) - Eo , quoi- E.) Cg ( J )

Verify the E - J Definition of Continuity .

Fix E > 0
,
[ < Eo

.

Then 7 × , , xzc-JS.t.gl >4)= glxo ) - E , GHz) = glxoltc ,
x , < aol.az

Now , V-xc-lxi.az) glxi ) < gtx ) < glxz ) ⇒ lglx ) -glxo) / LE

Jake E-min {xo- x , ,Xixo } Then I X- x . / <5 ⇒ ✗ c- (kik)
⇒ /gtx) - q ( Ko) / LE Bar



Inverse function

Def 18.9 Function f : ✗→ Y is Callet one - to - one (or bijection )
X, =/ ✗ 2 ⇒ f-(Xi ) # f112 )

ifflxl-yandv-yc-YJ-l.xc-XS.t.tk )=y
y *- ; !

Example Sin :[Ê , IL ] → f1,1] is one -to- one ! !
:

gin :[ o, ,] → [ o , ,] is not one - to - one È
Iz

Sin /O ) - Sink ) --0

Def 18.10 1-et f :X → Y be a bijection ,
✗ = f- (X)

.

Then the function f- ! Y→ X given by ( f-
'

(y ) -- ✗⇐ f- (x) -_y )
is Callet the inverse of f. In particular f-

'

(fix)) -- x , ff541)=y

Example • Sin :[¥ . Ê ] → [-lit] ,
Siri

'
= arcsin :[-1,13 → [ - E ,

I
, ]

• f :[ 0 , +a) → (0,1-0) ,
f- (a) = Km

, f-
"

:[o.to) → [o.to )
,
f-
'

(a) = x±=Fx

• 1f f is strict/ y increasing (decreasing ) on ✗ ,then f : ✗→ FIX ) is

a bijection



Continuity and the inverse function
Thm 18.4 1-et f be a continuous strictLy increasing function

on some Interval I
.
Then F- f ( I) is an Interval and

f-! g- → I is continuous and strict 'y increasing .

Prof , f-
'

is strict/y increasing : Jake y , , y> c- J
, y , < ya

Denote x ,
= f-

"

Iyi) ,
✗a = Flip ) . Then flx , ) -- y , ,

flxi ) = ya

If x
,
> xz

,
then flx , ) 2f44 ,

contradiction ⇒ x, < xz

2 J is an Interval : By Cor
.
18.3 J is either an Interval or

a single point . Since fis strict /y increasing ,
J is an Interval

3 1 a - Thm 18.5 f
"

is continuous on j
.



One - to - one continuous functions

Thm 18.6 1-et f be a one - to - one continuous function on an

Interval I . Then f is strict /y increasing or

strictlydecreasingonI.pro/-
.

I If a < bac then either f (a) < f-(b)cfk ) or fk) cf /b) < f-(a )

OtherWise
,
flb) > Max { flalifkl } or f- (b) <min { f-Calife ) }

1f f- (b) > max { f-(a) ifk) }
,

chose y c- ( Max {flaiifk ) } ,
f- (b) }

Then by Thm 18.2 72, c- (aib ) s.t.fm/--y,J-xzc-(bic)s.t.fHz)=y

⇒ contradiction Simi tarly when f- (b) < min { Ha ) , fk) } .

2 Jake any aocbo
.
1f flao) < Hbo) ,

then f is increasing on I.

①
✗ < aoty < bol Z ⇒ ffao) < f- (g) <f /b.) |

f1") < Hao) < fly )
⇒ f- (y ) < Hbo) < f17 )

⇒ V-x.c.az/fHilcflxi) )
3 Similar ly ,

if Hao) > f- ( bo) ,
then f is decreasing . ton



f- (b) - - - - - - - - - -
- - -

•

"

f- (a) -
- - - - - - •

p p p

a b


