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Functions

Def . (Function ) Let ✗ and Y be two sets
.
We soy that

there is a function defined on ✗ with values in Y
,
if vice some

ru Ie f we associate to each element ✗ c- ✗ an (one ) element
f

ye Y .
We write f : ✗ → Y

,
x# y (or y=f /x)) .

X is Callet the domain of definition of the function ,
dom (f)

,

y = flx) is called the image of x .

f :[ 0 , 1) → [Oil) ,
✗ → x2

Remarks 1) We consider real - valued functions ( YCIR ) of

one real variable ( ✗ c IR) .

2) 1f dom (f) is not specified , then it is understood that we

fake the natural domain : the largest subset of IR which the
function is Welt defined ( fbi)

= ✓à means dom (f) = [o , to )

gtx) =
means dom (g) = RYO ,

/ } |



Continuity of a function at a point
Intuitive ly : Function f is continuous at point xotdomlf ) if

ffx) approaches flxo) as x approaches x. .

Def 17.1 (Continuity ) . Let f be areal - valued function
,
dom CR

.

Function f is continuous at ✗☐ c- dom (f) if for any sequence

(xn ) in dom (f) converging to Ko
,
we have linnflxn ) = Hxo )

( imflxn ) = f- ( Iim ×" )

fa.Ë§DéFI (Continuity ) Let f be areal - valued function . i

Function f is continuous at ✗☐ c- dom (f) if

V-E> 0 75>0 ( ✗ c- dom /f) A la - xo / < 5 ⇒ / flic ) - f- (Xo) / < E ) (*)
Remark Def 17.1 is call ed the sequential definition of Continuity ,
Def 17.6 is callEd the E - S définition of Continuity .



Equivalence of Sequential and E- S definitions

Thm 17.2
.

Definitions 17.1 and 17.6 are equivalent
Proof (17.1--717.6) . Suppose that (*) faits

V-E > 0 78>0 ( xedom (f) A lx- xo / < 8 ⇒ lflx) - flxo) / < E ) (*)

This meam that

JE> o HE > 0 7 ✗c- dom (f ) (lx-xotc.SN/flx)-ffxo)/2E)TakeJ---i7xnedomlf)(Ixn-xo/ < tn ✗ / Hxnl - Hao ) / IE )
⇒ 7 (xn ) sit . limxn-xoplimsuplflxnl-flx.tl > E. contradiction

(⇐) . 1-et (xn ) be such that limxn -- Xo
.
Fix E > o . By (*)

78>0 ( ✗ c- dom (f) A la- xo / < 5 ⇒ 1f/x) - flxo) / LE

limxn = xo ⇒ 3- N tn > N ( lxn - xo / < 8) Therefore
nan (* )

tn > N (x# dom (f) Alan - x. / <5) ⇒ n > N ( Klan) - Hao) / <E)
⇒ limffxn ) = flxo ) ton



Continuity on a set . Exemples
]ef_ 1-et f be a function

,
and Iet scdomlf )

.

f is continuous on s if for all ✗☐ c- 5 f is continuous at xo .

Example 1) f- (a) =¥,
is continuous on RY -1,1}

Proj
.

1-et xoe Ri { - lit } and Iet (xn ) be such that tn xn# {-1,1 }

and limxn = Xo
.

Then by Thm 9.2 , 9.3.9.6

Iimflxn) = Iim = %!YË- = }Ë, -- flxo )
By Def 17.1 f is continuous at Ko for any xoe.IR) {- lit }

2) gtx) = Sin (¥ ) for x #O and glo ) = a. Then for any at
IR

g is
not continuous at o .

Proie Take (xn) with xn=È, µµThen liman -- o and glxn ) = Sin ( IEI ) =p)
"" °

⇒ Hae IR limglxu ) = a faits



Continuity and arithmetic operations
Thm 17.3 [et f be a real- valued function with dom (f) CR .

1ff is continuous at xotdomlf )
,
then If / and K - f

,
ke R

,

are continuous at xo
.

Proof
.

1-et (xn) be a sequence in dom (f) such that limxn-xo.hn
a

Then by Thm 9.2 / im kflxn ) = K . / im Han ) = kflxo )

Therefore kif is continuous at do
.

By the triangle inequality / Hlxnltlflxoll / Elflxn ) - flxo) /

Fix E > o . Then Iimflxn ) = flx . ) ⇒ J N Yn > N lflxn) -HH / < E

Then tn > N / Iflxnll - lflxoll / Elf (xn ) - flxo) / < E

This mears that limlflxn) / = 1f/✗ o) /
,
1ft is continuous at xo .

h→ A

Mlle



Continuity and arithmetic operations
Thm 17.4 Let f and g be real -valued functions that are continuous

at xo c- IR . Then

( i ) ftg is continuous at xo (Ii) f. g is continuous at x .

Iiii ) if gtx. ) # 0 ,
then § is continuous at x . .

proof : Note that if x Edom (f) ndom /g) ,
then #g) (a) = Hx ) + gtx ) and

f. g (x)
= t /x) - gtx ) are Welt - defined

.

Moreover
,
if ✗ c- dom (f) ndomlg )

and gtx) # o , then § /x) = is welt- defined
.

1-et (xn) be a sequence in dom (f) ndomlg ) s
-
t - limxn = xo .

T. 9.3

Then Iim (flan) + qlxn)) = limflxn) + limglxn) = flxo) tg Ko) ,
and

Iim ( flan) . glxn))
"

limflxn) . limglxu ) = ftxo ) - glxo ) . If moreover

V-ngknt-othenlimtg.LI?,--T?bfiiIfgl#---Ç¥} . [ dom /E) = domlfln {xedomlg ) : ghetto}
☐•



Continuity of a composition ot finitions

[et f and g be real
-valued functions

. 1f xtdomlf) and fk) edomlg),

then we define goflx ) : = glflx ) ) ,

dom (got) = {xtdomlf ) : fa ) c- domlg) }

Thm 17.5 1ff is continuous at x. and g is continuous at flxol
,

then got is continuous at x. .

Prix It is given that xoedomlf ) and flxo) c- dom (g) .

1-et (xn) be a sequence such that

V-nxnc-domlgoffandlimxn-xo.Denoteyn-flxnl.yo-flx.laSince f is continuous

at xo
, limyn = limflxn ) = # Ho ) -- go since g is continuous

at flxotyo ,
we have Lim goflxn) = tim glyn ) = glyo )

-
- got ( Ko) .

Therefore
, got is continuous at x.

.



E- ✗ amples

1) Sin (x) is continuous on A

Proot-itnoug.tn to show that sinlx ) is continuous at o

For any xot IR and (xn) with

limxn-xolsinlxnl-sinlx.lk/2sin(Y-0)cos(Xnz+I)/EI2sin("¥) - O /
a Area (A) E Areal" )

sinon - - - -
- - - -

y ×⇒ txt [QÊ ] { sink ) ET -Ê=±

ptzsintx) / ± / Et
⇒V-xc-I-E.FI/sinlx)lElxl3-flimyn=o,then7NV-nsNlynKIz.Then
T.9.tl/ii)V-nsNo-lsinlyn)1Elynl=stimsinlyn)--osin0--o

DU



Example

2) flx) = À is continuous on [ 0 , + a) .

I Fc is continuous at o

Leet Iim xn = 0 .
Fix {so

.

Then 7 N tn > N xn < E
'

⇒ Un > N En < E ⇒ Iim Fcn ⇒
2

1-et xot (Oita )
,
(xn)s.t.tn/xntl0it-))andlimxn--xoT9.llli)Thenlimxn=xoso⇒ 3- Ni tn > Ni ( xn > ¥ )

Fix E> O
.

Then I N2 Yn > N2 lxn - x. / < TE -E.Then

tn > max {Num } lflxn) - flx.) / =/ VI. - VI / =/ ÎËË / ± < E

3) Costa) is continuous on IR
.

Costa)=Ê
, by Thm 17.4

1- sintx) is continuous on IR
.
Moreover

,
H ✗ c- R I- Sinte) E [0,13C [0¥ )

⇒ by example 2) and Thm 17.5 Costa) is continuous on IR .


