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Comparison test

Thm 14.6 1-et (an ) and (bn) be two sequence ,
tn an >o

Then a

Êan converge A Hill Ibn / a- an)) ⇒ Ibn converge,(i) (
na h = |

• A

l' i ) ( Eau = + • A VÂN buzan )) ⇒ Ibn = + ah= | hz /

E-✗amples
*

n= ,

Î : tn nez
"

⇒ t ¥ ± /7)
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d- diverge ⇒ Intru diverge,
• [ ¥n : Un ¥n E tn l
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Corollary 14.7 Absolutly convergent Series are convergent
•

Proof : [xn a.c.⇒ Elxnl concierges , V-nfxnlslxntan-lxnl.ba -_ xn ⇒ [ au conv.

"" ah Ibaf au Ibn



Root Test
•

Thm 14.9 1-et [ an be a series
,

/et ✗ = limsupÀ .

Then
*

h= |

( i ) ✗ < t ⇒ Ian is absolutly convergent
h=p
•

(ii ) x > 1 ⇒ Ian diverge>
h= |

(iii) ✗=L does not pro
vide information about the convergence of Êan

hz ,

Proofs ( i) dll ⇒ 7
p >
o s - t - ✗ < pas

limsup
"

Hani -- snap ⇒ 3- No sup {Œil : n > No . } < p
⇒ tn > No Ûlanlcp ⇒ Un > No lait < pi

n

Fix E> 0 . Since p < 1
,
7N Hmm > N Emp

,
P
"
< E

x

Then H mm> max { No ,
N } Étant < Ê pk < {⇒ Ilan / converge,

n'=Mf1 Kzinti n =L

(ï) 7 (nn) st . limitant -- ✗ si ⇒ 7N tu> N
"

Manet > 1
kt

⇒ tn > N faire / SI ⇒ (air) does not converse to Zero ⇒ Ian diverge.
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Ratio Test

hm 14.8 Let Êan be a series ,
tn (an # o ) .

h =\

(i ) limsup /{ / < l ⇒ Ian converge absolutly
h →

(ii ) liminf / ET / > t ⇒ Ian diverge
h→ on

(Iii ) liminf / aa¥ / « le limsup /End / : not enough information .

Procol Let ✗ = limsup tant .

Then by Thm 12.2

liminf / TE / ± limsup "Æ- limsup /TÉ /
.

( i ) Follows from Thin lu .9 (i ) (
'

✗< I )

( Ii) Follow from Thou 14.9 Iii ) ( x> 1)
'

Iiii) I tn
,
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Example

• H ✗ si Ê &
"

n= ,
nT converge

1inRatio test : n*¥Ï , - LÀ = Iim # = 0<1
h → a

⇒ by Thinks Ê¥ converge

a
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• ¥
,

# diverge• -2¥ concierges
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Ratio test : timmy . n' =L tim ¥,
- n =/
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Root test :

liminf-fi.mn#--llimYnI--limyn-.n---ln-in-is
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Integral test

• An = ¥ ,
SE Ènt

h=\

K

Hk 5k Et + |# dx =/+ 1- # < 2
l

⇒ (sic) increasing and bounded
Thm 10cL a

⇒ Ian converge
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Hk tu > | # de = log (Ku )
l

o

Iim log (Kil) -_ + • ⇒ Ibn diverge Î
kts h=/

'

¥K

• pso : Itp , King { jpdx < t- iffp > I , z 3 4 5 6 7 8 9
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Exemples

• an = in > 3
, Îngn [ use Hna} LE login en]
h?}

Root test : ÆÎÆgnÎÆ
the Into Into
I I I

[¥g×dx= /oglogk - 1091093 ( log ( took) ) )! • ¥

Ik-soo
+ a

⇒ Înlgn diverses
n#3



tlternating Series

Thm 15.3 1-et (an) be a sequence s.t.tn/anzoAanzan+D.Then
•

h

liman -- o ⇒ Îl- 1)
""

an converge> and tn / Et)Üu - EN"â. / « an
h→o h=\ KI k=\

N Kf1
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- Azn 20
,
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Case Msn : 52m E San E 52h +( l ) aznti = Santi
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"
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nyo

"→• unie union
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Important example
a

9. 1-et p> o . Then ¥
,

¥ concierges Iff p > |
K

fr001
.

De note xn = ¥ ,
s
"
= ¥

,

xn
.

X
,
> xzz - - → xn

,
(Sx ) is increasing .

Consider the sequences : ai = Xi
,
Gi = 2- Xz

,
as --4 - Xu ,

- - -

,
Ak -É! Koi- i

b , = Xi , bz -- Z - Ku ,
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,
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,
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,
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and H K (a) x, + Ibn E Sai Exit Zani ( b ) Ibn = I I anti
h-4 h¥n n--1 h =/

I (six) converge ⇐ ( soi ) converge (⇒Thm 11.3 ; ⇐ Thm 9.lt/SrESie)+ThmN.z)
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