
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 5: 

Homework 4 (due Sunday, February 6)

Today: Series  
> Q&A: February 2

Next: Ross § 15

@



Sequences §÷ / and VISI

Thm 12.2 Let (Sm) be a sequence , Hn & # o) .

Then

Proof
. 1f l --0 . then l =p .

Assume that l > o .

Taken any Oil , < e.Then by Thm 9.11 ( i )

l '

Therefore ,

⇒

Note that (Û . ) is increasing
,
so Fk > N

Now

So V lilou) ⇒ pisan upper bound for (al ) ⇒



Sequences §÷ / and VISI

Corolla ry 12.3

ff Iim /¥ / exists
,
and Iim / SÉ / =L ,

then
n→a Sn n→ •

Example

1-et (air) be a sequence such that then an> o .

Suppose that (air ) converge ,
liman __ a .

Then
n→a

pro-of.Denotesn.ca ,
- - - - - an

. Then

By Corollaire 12-3



Series

1-et (an)Ê
,
be a sequence

of real members
.

For
pige ☒ , pcqwedenoteaptapi.it - - - tag by

Def 14.1 ( Infinite Series) We call the expression

A, + aztqzt
- - - tant - - -

an ( Infinite) Series . an is called the n- th term of the Series
.

Def 14.2 ( Convergent Series)

We call the sum the (n-th) partial sum of the Series
.

If the sequence (Sri) ot partial sums converge ,
we soy that

a

the Series [ an
h = | a

1f Iim Sn = S
,
then we call s the sum of the Series Ian

,

and
n→ a h 21

write it as



Series

If limsn = + • fa )
, we soy that Îan diverge to total

had n =p

and we write

a

We soy that [ an converge absolutly ( is absolutly convergent)
h= )

if the series

Remark An infinite Series can be viewed as a particular
type 0f a sequence ,

Sn =ai tort . - - + an

so we can use all the relevant results .

For example ,
if tn anzo

,
then Sri is increasing .

Partial sums of [ tant forn an increasing sequence .

h =L

Use the Criteria in convergence for partial sums etc .



Important exemples
8. 1-et a. re R

.

Then is Callet the geometric series .
•

If Ir / < I
,
then Earn =

n=o

Prof Dénote s = Èarn =
K

MZO

Note that rlitrt - - +F) = ,
so

9. 1-et p> o . Then concierges iff

Pro-otfp-H.se:=ÈÈ .

i (sa) is increasing
n= |

2 (Sk) is bounded

For any n> 2 Iso

① +② +Think-2



Cauchy Criterion

Def 14.3 We Sag that Ëan satisfis the Canchy criterion
if its sequence of partial sums (Sri) is a Cauchy sequence ,

i. e .

HE > O J N H min> N Isn - Sm / LE

Thm 14.4 Ian converge ⇒ Ian satisfis the Cauchy Criterion

Prcf
.

Follows from Thm 10.11

Corollary 14.5 ( Necessary condition for convergence ) .

Ian converge ⇒

Thm 14.4

PIF . [on converge ⇒

⇒ <⇒ liman = 0 am



Example
• É

,
¥ satisfis the Caudry criterion

Pr-oof.tl KEN ,
so tn >mal

Ê ¥ ±
K=Mtl

Fix E>o . By I.E- 2 Therefore

In particular , )

• 1f IMEI
,
then the sequence (r

" ) does not converge to 0

⇒

• Consider
,
but the series diverge



Com parison test

Thm 14.6 1-et (an ) and (bn) be two sequence ,
tn an >o

Then
(i)

(ii )

17¥ (i ) Use the Cauchy criterion

Fix E > o
. By Thm 14.4

.

Then

. By Thin 14.4
n

'

(ii ) Dénote Sn = Zan tn = ,Èbr . Then
K = I

I

a

2- an = + a ⇒
h =p


