
MATH 142A: Introduction to Analysis

math-old.ucsd.edu/~ynemish/teaching/142a

Week 5:

Homework 4 (due Sunday, February 6)

Homework 2 regardes (Tuesday, February 1)

Today: Subsequential limits  
> Q&A: January 31

Next: Ross § 14
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Subsequential Iimits
Def II. l Let (Sin) be a sequence

of real members and /et

/ Eh , < nz < - _
. < nid - - be an increasing sequence of natural number .

Then ( Snu)Ê ,

= ( sn , isnz ,
Sn
} ,
- . ) is called a subsequence of Gn)nÎ .
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Def 11.6 1-et (Sin ) be a sequence in IR . A subsequential limit

is any
real number or symbol + • or - o that is the limit

of some sub sequence of (Sin)

Example an I )
"

np, ,
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' t ' ' ' '
- ' il , . . . )

Example • ton = 2
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.
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Subsequential limit and liminf / limsup
Thm 11.7

_
et (Sin ) be a sequence . Then there exist

( i ) a monotonie subsequence of (Sin ) that converses to Iimsupsn

(ii ) a monotonie subsequence of (Sin ) that converge s to Iiminfsn

7¥
.

1f (Sin ) is not banded above
,
then limsupsn = + * . And by

Thin 11.2 ( ii ) there exist a subsequence of Gn ) that diverge, to to .

Suppose Csn) is bounded aboie
, Iimsupsn = te IR

n→a

By Thm II.2 Ci ) there exists a monotonie subsequence of (soi) that

concierges to t if
'

. Fix E> 0
.

limsupsn -
- t ⇒

non

suppose that . Then 7N ,
>NS.t .



Subsequential limit and convergence

Thm 11.8
.
1-et (Sin ) be a sequence . Dénote by S the set of

all subsequential limit of ( oon) . Then
(i )

(ii )

(iii )

Proot
.

(iii) follows from ( ii ) and Thm 10.7

(ii ) Suppose tes ⇒

Then by Thm 10.7

Note that H K
,
therefore

and



-

Exemples
For each sequence below /et S dénote the set of subsequential limit .

• an =p )?
' S =

Iim au- , = - | ,
"

/ Imara =L
KTM k →✗

1f te { - il }
,

then

2 Iimsupan = Iiminfan =

• bn = znti
)
"

I 5 =

/imbu = + AIim bzr-1=0
, nonKf0

1f ftp.t-to
,
then

2 limsupbn = , limiufbu =



The set of subSequential limit is doses

hm 11.9 1-et (Sin ) be a sequence . Dénote by S the set of

all subsequential limit of ( oon) . Then
1-et (tn) be a sequence in SMIR

,
i. e. Un ( tue SMIR) .

1f (tn) has a limit , then limtn c- S
.

n → A

Proof
. Suppose limtn -- t c- IR .

Then
his

Fix Eso . Then
À

since t -{ t tic

and

Thm 11.2

tn.ES (subsequential limit ) ⇒



limsup 's and liminfis

Thm 12.1 Let (Sin ) and (tn ) be two sequences . Then

( Isn ) converge A Iim sms>a) ⇒ limsupsntn-s.limsuptn
h→ a ha - naso

Convention : For any se IR , s > o
,
s - (toi) - t -

,
s - C-a) = - a -

Proot .

1 : limsupsntn) > sit ( only for limsuptn -_ te /R )

Thm
. 11.7 ⇒ 7 (tn) such that limtne-t.Thm9.ieKia /⇒ limfn.tn. ) -_ st

Thm 11.3 ⇒ Iim Snu = S
.kikta

⇒ set is a ⇒

.

2 : limsupsntn) Est Conty for su> 0 Vu ) . Thm 9.5 ⇒

Then É
I 2

⇒



RemarK

1f (soi) and (tn ) are two sequences ,
and Lim Sin - o

,
then

nyo

there is notting we can soy in general about Iimsuplsntn ) .

• Sn = tn ,
tn = n ⇒ limsup En =

• Sn = ¥
,
tu -_ n ⇒

limsuph-a-n-esn-nt.tn= n' ⇒ limsup f. n' =

Also it is important that one sequence converge .

• Sn = (O ,
I
,
O

,
I
,
O

, I
,
- - ) limsupsn =

tu = ( ti O , I , O , I , O ,
. .

. )limsuptn-o.sn
-
- fi)

"

,
tu i)

""

limsupsu -- limsuptn = ,
but


