
MATH 142A: Introduction to Analysis
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Week 4:

Homework 3 (due Sunday, January 31)

Today: Subsequences  
> Q&A: Jan 29, Feb 1

Next: Ross § 11-12
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Subséquences

an = f1 )
"

,
nzl : - t

,
l
, -1 ,

1
,
-1

, l , -1,1 , - - - .

Mr -_ 2kt
, ( Amc ) ÎI

,
- Î

,
-À

_ . . ) ; ne-- 2k , Lane) > ( lit , lit , - -)
bn = COS (¥ ) ,

net :( 0 , -1,0 , 1,0 , -1,0 ,
1,0

,
-1

, 0,1 ,
. . . )

My = 2k- I , ( bmc) = (0,0 , 0,0 ) ; ne = 3K ,
(bmc) > (O,-1,0 , 1,0 .

. _ )
Ch = h

,
NI l '

.
Ii 2 , 3,4 , 5,6 , 7,819/10,111121/3,14115 , . . .

(1) = ( " 43,5171414 . _ . ) , (Cnc ) = ( 1,2 , 3,5 ,qu , ,
.
. )
H""3

du = COS (n)
,
nzl : Cosa) ,

Cos (2)
,
cost) ,

Coste ) ,
COS (5)

,

cost)
,

_ . .

(Mk) = ( le 78,9 , 23,44 , 1002, - - ) ( dna ) = (Cosa ) , (05/7) , cost) , . . _ )

Def II. l Let (Sn) be a sequence
of real members and let

1Er , chat - -
- chut - - be an increasing Sequence of natural members .

Then ( Snu)Ê ,

= (Sn , .sn , Snz , - . ) is called a subSequence of Gn)nÎ .



Subséquences

Thm 1-et Csn) be a séquence .

Let te R
.

( i ) There existes a (monotonie) subsequence of Csn) converging to t
⇐ tt Eso the set { ne IIV : Isa - tKE } is infinite

Prof
.

(⇒) Exorcise .

⇐) tt Eso the set { ne # : Isa - t le } is infinite .

Case I : the set { n'- Snt} is infinite ,

fake (Sm) with Snet Hk .

Case 2 : tt Eso the set {ni oclsn -ttes } is infinite .

Either (a) te>o {n : t - Ec sait } is infinite (** t'
**¥

t-E tte

or (b) te> 0 { ne te suette } is infinite

Consider Case 2. (a)
.
We Nant to construit au iucreasing

subsequence that converges to t .



Proof of Thin 11.2 Ci )
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Subséquences

Thm 1-et Csn) be a séquence .

( ii ) (Sn ) has a (monotonie) subséquence that diverges to to

⇒ (Sn ) is unbounded above

Ciii) (Sn ) has a (monotonie) subséquence that diverges to -a

⇒ ( Sn) isunbounded.be/owProofCii) (⇒ ) Exorcise .

⇐) Suppose that (Sn) is unbounded above .
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,
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Then (Sm) is a subsequence , tt k Snu > K ⇒ limsnx = t -
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Subséquences
Thm II.3 If (Sn) converges ,

then any
subsequence of Csn) converges

to the same limit .

Prit
.

Let (Sn . ) be a subsequence of Csn)
.
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. Fix Eso . Then
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Subséquences
Thm II. 4

-

very Sequence has a monotonie subséquence .
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Case I : D is infinite . Taken , -- min D
,
. . ,
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Then n , cnz ⇒ Sn , > Snz
,
na, < ne ⇒ Sue , > Snk ⇒ (Smc) isdecreasing

Casez : Dis finite. Taken , =
maxD + I Then Sn

,
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⇒ 7 nzsn , s - t . Snzzsn ,
Term Sn , is not dominant ⇒ 7ns>h, %)

If we have hm ,
they Snu , is not dèowminant ⇒ 3- me > nia, ne> Snu)

⇒ ( Sne) is increasing



Bolzano -Weierstrass Theorem

Thx
.

II.5 Every bounded sequence has a convergentsubsequence.pro#Let(sn)beabounded
séquence .

By Thin H - 4 ( Sn ) has a monotonie subsequence (Sm)

Since (sa) is bounded , ( Sne) is also bounded
.

(Sad is monotonie and bounded
, there tore by Thm 10.2

(Sne) ,Î , converges .
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