
MATH 142A: Introduction to Analysis
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Week 4:

Homework 3 (due Sunday, January 31)

Midterm 1 on Wednesday, January 27 (lectures 1-7)

Today: Cauchy sequences  
> Q&A: January 29

Next: Ross § 11
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Cauchy séquences

Def 7.1 .

A Sequence (Sn) of real members is said to converge

to the real humber s if

HE >07 NEN Hn> N ( lsn-SKE )

Def.to#Asequence(sn)iscaHed a Cauchy Sequence
if

f- Eso 3- Ne IIV V-m.no N ( Ism - Sn ILE )

Exemples Fix Eso .

N' Est ]

1. an = ht : 1. § , tu ,

- -
- mn > N ⇒ 1am - auf -_ Itm - tnlnt CE

2. bn -_¥
"

: - lit , it ,
- - mn > N ⇒ Ibm - bnfelbmltlbnlc # tt < E

3. en -- Itt : l
, Ê , ¥ , É .

.
_ . min > N ⇒ 1cm - cut =/ # - f- IL # CE



Cauchysequencestemma10.9 Convergent séquences are Cauchy séquences .

Prof
.
Suppose ftp.sn-se R .

Fix E > 0 .

Then IN An > N ( lsn- sta E )

Using the triangle ihequality ,

tlm
,
ne F- ( lsn-smlelsn-sttts.sn)

There tore
,
V-m.us N ( lsn-smlelsu-sltlsm-slc.fr Ez = E)

DU

Lemma 10.10 Cauchy séquences are
bounded

.

Prof
. Suppose (Sn) is a Cauchy séquence .

Then (fake c- D

7 Ne N-ttm.us N ( Isn - sur le 1) . Now taken : Nt1

tt ns N I Sn - Snap L1 ⇒ Un > N lsnl ±

lsn-sn-iit-ISNHIcls.nu/tlWithM:=maxflSil,lSalc--,lSnl,ISntiltI} we have tn but EN .

En



Cauchy séquences converge

ThmN ( Sn) converges ⇐ ( Sn ) is a Cauchy Sequence

17¥
.

(⇒ ) Lemma 10.9 .

(E) Suppose ( Sn) is a Cauchy séquence .

By lemmalo.IO/sn)isbounded.ThereforeibyThml0.7--limunlimon

it is enough to Show that liminfsn = limsupsn
n → o h → on

Dénote Un = Inf { Sk : K > n }
,
Un = sup { Su : K > n )

.

Fixe > 0 .
Then 7 N tt mn> N ( Ism- sorte Ç ) .

In particule
tt mn> N (Sn < Smt f) ⇒ Hm> N UNE Smt Ç

Similady ,
Hmm > N ( sa - Çasm) ⇒ tu > N un zsn - Ç

Jake Ks N
.

Then love - nul = vie - Un ± ON - UNE Smt Ç -Snif <E

Theretore
, limlva-uut-0-liyy.vn - linge = liyçsçpsn - line! sa ga
k y a



Exemples
) 1-et on = t t - - + IÇI . Then

(an) is a Cauchy sequence and this (an ) converges .

Promof
.

Fix E > 0
.
Then tt m > ns N

1am -ant-IIH.CI#----I-i---i-YLI- Il

=p + - - - + IIII et f- - - rt IIII
± ¥ + - - - t ¥ < ¥ [ LE ) Cant is

a Candy
3- N Ans N (¥ <E) ⇒ tt min ) N tam - an IL # LE ⇒ séquence .

Ba

2) Let bn = tt tt tt - - - t tn
.

Tate E-- t
.

Then tn n

-

Iban - but=tE t# t - - t# -(ItÉt¥ t - - + En

> ¥ + ¥ t - - - t ¥ = En = È
does not

⇒ UN lbzcnt ,) - but, / > { ⇒ ( ba ) is not a Cauchy sequence
⇒
converge

,#



Asymptote behavioral séquences

L-emmatfxerise9.la) (Sn) C-D
"

Assume that all Sn # 0 and that Lim I f- Le [o.to) .

(a) 1f LCI , then limon = O
n→a

(b) If ↳ 1
,
then limlsnl = to ( Use part (a) and Thons 9.529.10)

h >à

Prot .

1-et Le toit )
.

Fixe > 0 .
Tate a c- ( L , 1) ,

L'ail
.

Then by Thin 9- Il lit (Lee 6) 3- N En > N ( / Ita )
In particule ,

Isntzkalsntil
, Isntzlcalsntzlccèlsntil ,

-- slsntkl < à
" "

ISNHI

Consider the sequence ( bon ) with bn=âY .

Then

( i) by Thin 9.2 ( Lee 5) and Important example2/46) ,limbn-on-aociilttnoclsalebnlhereforebythm9.tl/ii)Lec6tim Kat⇒
' n→ a

Finaly ,
Un - lsntcsutlsal ⇒ liçsn -- O.



Example
0

, lakl
Exercice 9,13 . 1

,
a - t

- ±îû¥o as ,

DNE

'

,
as - t

PRI
.

Case talai : Consider the séquence ( /Ê 1)Î , -

V-nc-N-taaII-tal-iliy.VE/--talci
"

lignan -- o

Case a-- t : Un an -
- t ⇒ Liga

"
-
- lui:L -- I

case a" : tain.ME/--liy.a--asi
"

live.la -- live.ci- to .

Case at - t
-

- Dénote b = -azi ,
so that a

"

- f- D
"

- b
"

,
Note Un b

"

> I

Then f- Ne • 3- n , > N (enough to taken .
-
- 2k > N ) a

" Êtiez ,

• 3hL > N (euough to taken, > zkttsn ) Û!
"

b
"! - t

Therefore
, liuççupa

"
-
- t # - t - line! ah ⇒ La

" ) is divergent .



important example 6 (asymptote growth ) .

For any PETN and any a > l

II. ÷ - o

( exponentiel séquences grow to a foster than polynomial séquences )

Prof
.

Dénote Xn-¥ Then

¥÷=È÷¥ - Il f- ta - HEY

| lim ( Itt ) =p
h→*

< By Thm 9.4T i (app lied p
- I times) ftp.ltttnJ-I

⇒ n'ix. l' f- ±: E.CHERE !:(trip - Est

> By Lemma 10.12
, liqxn-liz.LI = 0 Bu

.



important example 7 (asymptote growth ) .

For any as 1

liman = 0
am

h !

(factoriel grows ton faste r than any exponentiel Sequence )
PRI . Dénote yn : Fn

.

" ±:L t -- ±:Ê÷ .
-
- Liu. ÷, -- o

Z By Lemma 10.12 , Liuçyn = ¥ça÷ - o .
DU


